Example 1 Using a Kalman filter to estimate an unknown constant

The unknown constant x has a scalar state equation

x(n)=x(n-1)

The measurement equeation is

y(n)=x(n)+v2(n)

Thus 

((n,n-1)=1, C(n)=1, Q1(n)=0 and Q2(n)=(22

Since x(n) is scalar the error covariance is also scalar

K(n|n)=E{e2(n|n)}

Where 




e(n|n)=x(n)-
[image: image1.wmf]x
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(n|n)

From Table 2 it follows

K(n|n-1)=1.K(n-1|n-1).1+0=K(n-1|n-1)
[image: image2.wmf]D

=

K(n-1)

And the Kalman gain G(n)
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resulting in
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Recursive solution leads by induction to
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and the Kalman gain becomes
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Finally for the discrete Kalman filter we have


[image: image7.wmf][

]

)

1

n

|

1

n

(

x

ˆ

)

n

(

y

)

n

(

G

)

1

n

|

1

n

(

x

ˆ

)

n

|

n

(

x

ˆ

-

-

-

+

-

-

=


Computer Exercise

Simulate this Kalman Filter for some constant x of your choice which you are supposed to measure with additive noise v2(n) which has variance 
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To simulate the case of no a priori information take 
[image: image9.wmf]x

ˆ

(0|0)=0 and the error covariance K(0|0)= a large number (100,400,etc.)

Example 2 Using a Kalman Filter to estimate an AR(1) process

Computer Exercise

Let x(n) be the AR(1) process

x(n)=0.8x(n-1)+v1(n)

Where v1(n) is white noise with variance 
[image: image10.wmf]2

1
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=0.36. 

Let 

y(n)=x(n)+ v2(n)

Be noisy measurement of x(n) where v2(n) is unit variance white noise uncorrelated with v1(n).  Initialize the algorithm with 
[image: image11.wmf]x

ˆ

(0|0)=0 and K(0|0)=E{|x(0)|2}=1

Show that the estimate of x(n) may be computed recursively in the steady state as 
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(n|n)=0.5
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(n-1|n-1)+0.375y(n)

Example 3 Multistep Linear Prediction
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)

å

-

=

-

=

=

+

1

p

0

k

)

k

n

(

x

k

(

h

a

n

x

ˆ


where a=positive integer (if a=1 we have one step prediction).  In this problem the desired signal to be estimated d(n)=x(n+a).   Therefore 

rdx=E{x(n+a)x(n-k)}=rx(a+k)

the Wiener-Hopf equations become for real signal
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Computer Exercise

A random process x(n) with autocorrelation function 
[image: image16.wmf](
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x

k) for lags k=0 to k=4 has the values


[image: image17.wmf]x

r


=[1.0, 0, 0.1, -0.2, -0.9]T

is to be linearly predicted with a two-tap prediction filter, i.e.
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a) Solve the Wiener-Hopf equations for the Wiener one-step predictor, and find the optimal one step predictor. (a=1)

b) Solve the Wiener-Hopf equations to find the optimal three-step (a=3) predictor

Example 4

A random process has an autocorrelation sequence of the form


[image: image19.wmf]x

r

(k)=((k)+(0.9)|k|cos ((k/4)

a) Construct a first order optimum linear predictor (two taps) for a one-step linear predictor. Calculate the mean-square prediction error.

b) Construct a first order optimum linear predictor for a three-step linear predictor. Calculate the mean-square prediction error.

Example 5

The state estimation equation in the discrete Kalman filter is
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or
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Thus, given the state transition matrix ((n) and the observation matrix C(n), all that is required is the Kalman gain G(n).  Since the Kalman gain does not depend upon the state x(n) or the observations y(n), the Kalman gain may be computed off-line prior to filtering.

a) Write a MATLAB program gain.m to compute the Kalman gain G(n) for a stationary process with 


x(n)= (x(n-1)+ v1(n)
y(n)=Cx(n)+v2(n)

b) Suppose that x(n) is a third-order autoregressive process


x(n)=-0.1x(n-1) – 0.09x(n-2) + 0.648x(n-3) + v1 (n)


where v1 (n) is white noise with a variance 
[image: image22.wmf]2

2

s

=0.64. What initializations should you use for K(0|0)?  Using this initialization, find the Kalman gain G(n) for n=0 to n=10.

c) What is steady-state value for the Kalman gain?  How is it affected by the initialization K(0|0)?

d) Generate the process x(n) and y(n) in part (b) and use your Kalman filter to estimate x(n) from y(n).  Plot your estimate and compare it to x(n).

e) Repeat parts (b) and (d) for the process
x(n)=-0.95x(n-1)-0.9025x(n-2)+ v1 (n)- v1 (n-1)
where v1 (n) is unit variance white noise, and the observations are
y(n)=x(n)+ v2 (n)
where v2 (n) is white noise with a variance 
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