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Abstract

Statisticalmethodshave certainadvantageswhich adwcatetheir usein pattern
recognition.Onecentralproblemin statisticalmethodds estimationof classcon-
ditional probability densityfunctionsbasedon examplesin a training set. In this
study maximumlik elihood estimationmethodsfor Gaussiamixture modelsare
reviewed and discussedrom a practical point of view. In addition, good prac-
ticesfor utilizing probability densitiesin featureclassi cation and selectionare
discussedior Bayesianandmoreimportantly for non-Bayesiatasks.As aresult,
the useof con denceinformationin the classi cationis proposedand a method
for con denceestimationis presentedThe propositionsaretestedexperimentally

1 Intr oduction

In former patternrecognition(PR) studiesit was commonpracticeto divide pattern
recognitioninto sub-catgories,suchas structural,statistical,and neuralapproaches
[21]. Thedivisionwaslooselybasedninternalrepresentationgf patternsn different
methodshut laterit becameevidentthatno strict taxonomywould apply andthe sub-
jectitself containsequallyimportantsub-topicse.g.,featureextractionandclassifying
featuresln recentiteraturestrict cateyoricaldivisionshave beenevaded(e.g.,[6, 26]).
However, the division into structural,statisticaland neuralapproacheslescribesle-
velopmentof PR methods;structuralrepresentationaretraditionally consistentwith
singleinstancesf patternswhile statisticalapproachegeneralizeinstancesundera
moregeneralrepresentatiorand nally , neuralapproachesreblack boxeswherethe
representatiooanonly beindirectly affected.Lately, blackbox andgraybox methods
have provedto be someof themostpowerful methodsandmethodssuchasmulti-layer
perceptromeuralnetworks[3] andsupportvectormachineg5] arefrequentlyapplied
with agreatsuccesskurthermorenovel methodsseemo embedeatureselectioninto
aclassi er synthesisasfor examplein AdaBoostbhoostingalgorithm[9]. Thesepow-
erful methodsarealsostate-of-the-arethodsn practiceandit is justi able to askif
structuralandstatisticalapproacheareanymorerelevantatall.



Drawbacksin black andgray box PR methodsare often their incapabilityto provide
con denceinformationfor theirdecisionor dif culty toincorporateaisk andcostmod-
elsinto therecognitionprocess.In mary applicationst is not sufcient justto assign
oneof prede nedclassedo new obsenations;for example,in facedetectiorfacial ev-

idence suchaseye centersandnostrils,shouldbe detectedrom a sceneandprovided
in arankedorder(bestcandidatesrst) to next processindevel in orderto performde-
tectioncomputationallyef ciently [11]. Grayboxmethodsmayincludethecon dence
informationasanadhocsolution,but statisticaimethodsusuallyprovide theinforma-
tion in aninterpretabldorm alongwith sufcient mathematicaloundations Statistical
methodghusprovide someadwantage®verblackbox methodsthedecisionmakingis

basedon aninterpretablebasiswherethe mostprobableor lowestrisk (expectedcost)
optioncanbe chosen(e.g. Bayesiandecisionmaking[22]) anddifferentobsenations
canbe comparedasedn their statisticalproperties.

In atypical PRproblem featurefrom known obsenrations,atrainingset,areprovided
andnecessargtatisticamustbe establishedasedn themfor recognitionof unknovn
obsenationsandestimationof con dence. A classof patternds typically represented
asa probability densityfunction (pdf) of features. Selectionof properfeaturesis a
distinctandapplicationspeci ¢ problem,but asa moregeneralconsiderationnding
a properpdf estimatehasa crucial impactto successfutrecognition. Typically form
of the pdf is somehav restrictedand the searchreducesto a problemof tting the
restrictedmodelto obsened features.Often alreadysimple models,suchasa single
Gaussiardistribution (normal distributed randomvariable), can ef ciently represent
patternsbut amoregeneraimodel,suchasa nite mixture model,mustbeusedto ap-
proximatemore comple pdf's; arbitrarily complex probability densityfunctionscan
beapproximatedising nite mixturemodels.Furthermorethe nite mixturerepresen-
tationis naturalfor certainkind of obsenations: obserationswhich areproducedby
arandomlyselectedsourcefrom a setof alternatve sourceselongingto asamemain
class.Thiskind of taskis naturalwhenobjectcateyoriesareidenti ed insteadof object
classesFor example featuredrom eye centersarenaturallypartitionednto closedeye
andopeneye, or CaucasiamndAsianeye subclassesTheproblemariseshow proba-
bility densitiesshouldbe approximatedvith nite mixture modelsandhow the model
parametershouldbe estimated Equallyimportantis to de ne correctpracticeso use
pdf'sin the patternrecognitionandclassi cationtasks.

In this studyGaussiammixture model(GMM) pdf's arestudiedas nite mixture mod-
els. The two main considerationsvith GMM are estimationof humberof Gaussian
componentsand robustnesof the algorithmto toleratesingularitiesoccurreddue to
a small samplesize. It cannotbe assumedhat userknows all necessaryletails,and
thus,the estimatiorshouldbeunsupervise@ndutilize existing approximatiorandsta-
tistical theories. Several estimationmethodshave beenproposedn literatureandthe
mostprominentoneshave beenexperimentallyevaluatedin this study The methods
areextendedto C" sincethe complex domainfeaturessuchasGabor lter responses,
seemto be naturalfor someapplicationg11, 18]. Correctclassi cation practicesare
analyzedandde ned basedon problemcharacteristicsi) classifyinganunknovn ob-
senationinto oneof prede nedclassesiji) nding bestcandidatesrom a setof ob-
senations,iii) decidingaboutbelongingto a single known classwhen other classes
areunknown or their samplesareinsufcient, andiv) concludingwhat usefulstatisti-
calinformationshouldbe providedto the next processindevel. Finally, by providing
implementationg[1]) for the describednethodswe aim to encourageoodpractices
whenusingGMM pdf's for representatioanddiscriminationof patterns.



2 Gaussianmixtur e probability density function

Finite mixturemodelsandtheirtypical parameteestimatiormethodscanapproximate
a wide variety of pdf's and arethus attractive solutionsfor caseswheresinglefunc-
tion forms, suchasa singlenormaldistribution, fail. However, from a practicalpoint
of view it is often soundto form the mixture usingone prede neddistribution type,
a basicdistribution. Generallythe basicdistribution function canbe of ary type, but
the multivariatenormaldistribution, the Gaussiardistribution, is undoubtedlyone of
the mostwell-known andusefuldistributionsin statistics playing a predominantole
in mary areasof applicationd27]. For example,in multivariateanalysismostof the
existing inferenceprocedurehave beendevelopedunderthe assumptiorof normality
andin linear model problemsthe error vectoris often assumedo be normally dis-
tributed. In additionto appearingn theseareasthe multivariatenormal distribution
also appeardn multiple comparisonsin the studiesof dependencef randomvari-
ables,andin mary otherrelated elds. Thus,if thereexists no prior knovledgeof a
pdf of phenomenongnly a generalmodel canbe usedandthe Gaussiardistribution
is a good candidatedue to the enormousresearcheffort in the past. For a more de-
taileddiscussioron thetheory propertiesandanalyticalresultsof multivariatenormal
distributionswe referto [27].

2.1 Multi variate normal distrib ution

A non-singulamultivariatenormal distribution of a D dimensionakrandomvariable
X 7! x canbede nedas

B

X » N(x;!:8) exp i %(xi )Tgilx 1) 1)
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where! is the meanvectorand§ the covariancematrix of the normally distributed
randomvariableX . In Figurel anexampleof 2-dimensionalGaussiarpdf is shovn.
MultivariateGaussiarpdf's belongto the classof elliptically contoureddistributions,
which is evidentin Fig. 1 wherethe equiprobabilitysurfacesof the Gaussiarare?! -
centerechyperellipsoidq27].

Figure 1: A two-dimensionalGaussianpdf and contour plots (equiprobability sur
faces).



TheGaussiamlistributionin Eq. 1 canbeusedto describea pdf of arealvaluedrandom
vector(x 2 RP). A similarform canbederivedfor complex randomvectors(x 2 CP)

as
C 1 . — l £ . 13\8gi 1l .1 a
N ~(x; ,§)——1/Pj§jexp|(x| )8 T(xi 1) (2

where” denotesadjointmatrix (fransposendcomple conjucate). [10]

2.2 Finite mixtur e model

Despitethe fact that multivariate Gaussiamdf's have beensuccessfullyusedto rep-
resentfeaturesanddiscriminatebetweendifferentclassesn mary practicalproblems
(e.g.,[14, 19]) the assumptiorof single componenteadsto strict requirementgor

thephenomenoharacteristicsa singlebasicclasswhich smoothlyvariesaroundthe
classmean.The smoothbehaior is not typically the mostsigni cant problembut the
assumptiorof unimodality For multimodally distributedfeatureshe unimodalityas-
sumptionmay causean intolerableerror to the estimatedpdf and consequentlynto

the discriminationbetweenclassesThe erroris not causednly by thelimited repre-
sentationpower but it may alsoleadto completelywrong interpretationge.g. a class
representethy two Gaussiardistributionsandanotherclassbetweerthem). In object
recognitionthis canbethe casefor sucha simplething asa humaneye, whichis actu-
ally anobjectcategory insteadof a classsincevisual presencef the eye mayinclude
openeyes,closedeyes,Caucasiamyes,Asianeyes,eyeswith glassesandsoon.

For a multimodalrandomvariable,whosevaluesaregeneratedy oneof severalran-
domly occurringindependensourcesnsteadof asinglesourcea nite mixturemodel
canbe usedto approximatehe true pdf. If the Gaussiarform is sufcient for single
sourcesthena Gaussiammixture model(GMM) canbe usedin the approximation.It
shouldbe notedthat this doesnot necessarilyneedbe the casebut GMMs canalso
approximatemary othertypesof distributions(seeFig. 2).

(a) (b)

Figure 2: A uniform distribution U(0; 1) is representedy 100 evenly spaceddata
points. The distribution is approximatedusing Gaussiarmixture modeland EM pa-
rameterestimation.

The GMM probabilitydensityfunctioncanbede ned asaweightedsumof Gaussians

x
pix; ) = ®N(Xx;!8c) ©))

c=1

where@®, is the weight of cth component.The weight canbe interpretedasa priori
probabilitythata valueof therandomvariableis generatedby the cth source andthus,



P
0- ® - land f:l ®. = 1. Now, a Gaussiammixture model probability density
functionis completelyde ned by aparametelist [7]
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Figure3: Surfaceof two-dimensionalaussiammixture modelpdf with threecompo-
nentsandcontourplots (equiprobabilitysurfaces).

2.3 Estimating mixtur e model parameters

A vital questionwith GMM pdf's is how to estimatethe model parameterst. For a
mixture of C componentsindaD dimensionarandomvariableX (X 7! x 2 RP)
thetotal numberof parameterso be estimateds presentedn Table1. The numberof
free parameterss lower for purecomple datathanfor datawhererealandimaginary
partsareconcatenatetb form areal vectorof doublelength. However, if computing
with real numbersis necessarythe mappingfrom C to R? shouldbe chosenaccord-
ing to data. If magnitudeand phaserepresentatiois usedthe phasemay introduce
a discontinuityinto featureg17]. Still, using purely comple representatiomay be
adwantageousequiringlesstraining examplesin parameteestimation. In the calcu-
lationsthe degreeof freedomfor a singlereal variableis 1 andfor a single complex
variable2. The sameidentity hasbeenusedin the degreesof freedomfor comple
covariancematrix sinceit appliesasanupperbound.

Tablel: Numberof freeparameterin a Gaussiammixture model.

Type ® 1 8. Tot.

x 2 RP 1 D %D2+%D C(%D2+§D)+Ci 1
x 2 CP 1 2D D? C(D?+2D)+Cj 1
x2CPI R® 1 2D 2D%2+D C(2D?+3D)+ Cj 1

In literaturethereexiststwo principal approache$or estimatingthe parametersma-
ximume-likelihood estimationand Bayesianestimation. While thereare strongtheo-
reticalandmethodologicahrgumentssupportingBayesianestimation,in practicethe
maximum-likelihood estimationis simpler and, when usedfor designingclassi ers,



canleadto classi ersnearlyasaccuratemary implementatiorissuessupportthe se-
lectionof maximum-likelihoodestimation.In this studythe maximum-likelihoodesti-
mationis selectedasedn purely practicalreasons.

2.3.1 Maximume-lik elihood estimation

singledistribution describedby a probability densityfunction p(x ; u) where is the
pdf parametelist. Thelikelihoodfunction

W
L(X;p) = P(Xn;H) %)
n=1

tells the likelihoodof the dataX giventhedistribution or, morespeci cally, giventhe
distribution parameters.. Thegoalisto nd {1 thatmaximizesthelik elihood:

i = argmaxL (X;p) : (6)
u

Usuallythis functionis not maximizeddirectly but the logarithm

X
LOXGH) = InL(X;p) = Inp(Xn;H) (7)

n=1

calledthe log-likelihood function which is analytically easierto handle. Becauseof
the monotonicity of the logarithm function the solutionto Eq. (6) is the sameusing
L(X;p) or L(X; p).

Dependingonp(x; ) it mightbepossibleto nd themaximumanalyticallyby setting
thederivativesof thelog-likelihoodfunctionto zeroandby solvingu. For a Gaussian
pdf the analyticalsolution leadsto the well-known estimatesof meanand variance,
but usuallythe analyticalapproacthis intractable.In practiceaniterative methodsuch
asthe expectationmaximization(EM) algorithmis used. Maximizing the likelihood
may in somecasedeadto singularestimateswhich is the fundamentabproblem of

maximumlik elihoodmethodswith Gaussiammixture modelg[7].

If the parametersf the Gaussiammixture modelpdf mustbeestimatedor K different
classest is typical to assumeandependencs,e., instanceselongingto one classdo
notrevealarything aboutotherclassesin the caseof independentlassesthe estima-
tion problemof K class-conditionapdf's canbe dividedinto K separateestimation
problems.

2.3.2 BasicEM estimation

The expectationmaximization(EM) algorithmis an iterative methodfor calculating
maximumlik elihooddistribution parameteestimatesrom incompletedata(elements
missingin featurevectors)[2]. Thealgorithmcanalsobe usedto handlecasesvhere
ananalyticalapproactor maximumlik elihoodestimationis infeasible suchasGaus-
sianmixtureswith unknavn and unrestrictedcovariancematricesand means.In the
following the notationandderivationscorrespondo the onesusedby Dudaet al. [6]
andFigueiredoandJain[8].



Assumethat eachtraining samplecontainsknown featuresand missingor unknovn
features.Existing featuresarerepresentety X andall unknavn featuresby Y. The
expectationstep(E-step)for the EM algorithmis to form the function

Q) Ey[InLOGY; WX p'] ®)

Whereui is the previous estimatefor the distribution parameterand is the variable
for a new estimatedescribingthe (full) distribution. L is the likelihood function in
Eqg. (5). The function calculatesthe likelihood of the data, including the unknowvn
featureY mamginalizedwith respecto thecurrentestimateof thedistribution described
by i'. The maximizationstep(M-step)is to maximizeQ(u; 1') with respecto p and
set

i+1

u*t A arg meQ(u:u‘): ©)
The stepsarerepeatedintil a corvergencecriterionis met.

For the corvergencecriterionit is suggestedhat(e.g.[6])

QU™ )i QUi T (10)
with a suitablyselectedl' andthat(e.g.[26])
T T I (11)

for anappropriatelychosenvectornormand2. Commonfor the both of thesecriteria
is thatiterationsarestoppedwhenthe changein thevaluesfalls belov athreshold.A
moresophisticatedriterioncanbederivedfrom Eq. (10) by usingarelative insteadof
anabsoluterateof change.

The EM algorithmstartsfrom an initial guessu® for the distribution parametersaind
the log-likelihoodis guaranteedo increaseon eachiterationuntil it corverges. The
convergenceleadsto alocal or global maximum,but it canalsoleadto singularesti-
mateswhichis true particularlyfor Gaussiammixture distributionswith arbitrary(not
restricted)covariancematrices.

The initialization is one of the problemsof the EM algorithm. The selectionof p°
(partly) determinesvherethe algorithmcorvergesor hits the boundaryof the parame-
ter spaceproducingsingular meaninglessesults.Somesolutionsusemultiple random
startsor a clusteringalgorithmfor initialization [8].

In the caseof Gaussiammixture modelsthe known dataX is interpretedasincomplete
data. ThemissingpartY is the knowledgeof which componenproducedeachsample
Xn. For eachx, thereis abinaryvectory, = fyn.1;:::;¥nc 9, Wherey,. = 1, if
the samplewas producedby the component, or zerootherwise. The completedata
log-likelihoodis

X XE
InL(XY;p) = Ynie I (& p(XnjciH)) : (12)

n=1 c=1
The E-stepcontainscomputationof the conditionalexpectationof the completedata
log-likelihood,the Q-function, given X andthe currentestimatey' of the parameters.
Sincethe completedatalog-likelihoodIn L (X; Y; W) is linearwith respecto the miss-
ing Y, theconditionalexpectationW * E[Y j X; u] hassimply to be computedandput
intoIn L(X;Y; W). Therefore

) £ .a
Q) " E InLOGY; X' = InL(X; W; ) (13)



wherethe elementf W arede ned as
L LE B E e
Wh:c E Ync ] X;H = Pr ype = 1jXnp; | (14)
The probability canbe calculatedwith the Bayeslaw ([8])

_ ®p(xnjc; 1)

Whie = - — (15)
" TS @ pxnjjiH)

where@}, is thea priori probability (of estimateu') andw,, is thea posterioriproba-
bility thaty,.. = 1 afterobservingx,. In otherwords,w,. is the probabilitythatx ,
wasproducedby component.

Applying the M-stepto the problemof estimatingthe distribution parametergor C-
componenGaussiamixturewith arbitrarycovariancematricestheresultingiteration
formulasareasfollows:

; 1
®C+l — ﬁ Wn;c (16)
n=1
PN
. 1 XnWh-
1 |c+1 = 4;{1—“‘1—”“0 a7)
n=1 Wni
P Cpiel PREERN
gi*+l = _n=1 Wn;c(X'Bl ¢ JXni *c) : (18)
’ n=1 Wre

Thenew estimatesaregatNheredo u*1 (Eq.4). If the corvergencecriterion (Eqs.10
or 11)is notsatised,i A i+ 1 andEgs.(15)-(18)are evaluatedagain with nen

estimates.

Theinterpretatiorof the Egs.(16)—(18)is actuallyquite intuitive. The weight®; of a
components the portion of sampleshelongingto thatcomponent.lt is computedby
approximatingthe component-conditiongbdf with the previous parametelestimates
andtakingtheposteriomprobabilityof eachsamplepointbelongingto thecomponent
(Eg.15). Thecomponentneant . andcovariancematrix § . areestimatedn thesame
way. Thesamplesareweightedwith their probabilitiesof belongingto the component,
andthenthe samplemeanandsamplecovariancematrix arecomputed.

It is worthwhile to notethathithertothe numberof component€ wasassumedo be
known. Clusteringtechniquedry to nd thetrueclustersandcomponentérom atrain-
ing set, but our taskof training a classi er only needsa good enoughapproximation
of thedistribution of eachclass.Therefore,C doesnot needto be guessedccurately
it is just a parametede ning the compleity of the approximatingdistribution. Too
smallC preventstheclassi er from learningthe sampledistributionswell enoughand
too large C may leadto an over tted classi er. More importantly too large C will

de nitely leadto singularitieswhenthe amountof training databecomesnsufcient.

2.3.3 Figueiredo-Jin Algorithm

The Figueiredo-Jain(FJ) algorithmtries to overcomethreemajor weaknessesf the
basicEM algorithm[8]. TheEM algorithmpresentedh Section2.3.2requiregheuser
to setthe numberof componentandthe numberremains x ed during the estimation



process. The FJ algorithm adjuststhe numberof componentgduring estimationby
annihilatingcomponentghat are not supportedby the data. This leadsto the other
EM failure point, the boundaryof the parametespace.FJ avoids the boundarywhen
it annihilatescomponentshat arebecomingsingular FJalsoallows startingwith an
arbitrarily large numberof componentswhich tacklesthe initialization issuewith the
EM algorithm. The initial guessesor componentmeanscan be distributedinto the
wholespaceoccupiedoy trainingsamplesgvensettingonecomponenfor everysingle
trainingsample.

The classicalway to selectthe numberof mixture componentss to adoptthe "'model-
class/model'hierarcly, wheresomecandidatemodels(mixture pdf's) are computed
for eachmodel-clasgnumberof components)andthenselectthe "best” model. The
ideabehindthe FJalgorithmis to abandorsuchhierarcly andto nd the”best” overall
modeldirectly. Usingtheminimummessagéengthcriterionandapplyingit to mixture
modelsleadsto the objective function[8]

N . Cnz(V + 1)

In(% + CZ”Z In Bt o InL(X;yw)  (19)

\Y
a(lX) = -
C:®:>0

whereN isthenumberof trainingpoints,V isthenumberof freeparameterspecifying
acomponentandC,; isthenumberof componentsvith nonzeraowneightin themixture
(® > 0). uin the caseof Gaussiammixtureis the sameasin Eq. (4). Thelastterm
In L (X; p) is thelog-likelihoodof thetrainingdatagiventhedistribution parameterst
(Eq.7).

The EM algorithmcanbe usedto minimize Eq. (19) with a x edC,,; [8]. It leadsto
the M-stepwith componentveightupdatingformula
Y2 M 1 Ya

max O; Wne | %

i+l — =1 .

®t = 5 Yo &m 93 . (20)
o max O; . Woj i 0%

This formula containsan explicit rule of annihilating componentsby setting their
weightsto zero.Otherdistribution parameterareupdatedasin Eqgs.(17) and(18).

Theabove M-stepis not suitablefor thebasicEM algorithmthough.Wheninitial C is

high, it canhapperthatall weightsbecomezerobecaus@oneof thecomponentbiave
enoughsupportfrom the data. Thereforea component-wisé&M algorithm (CEM) is

adopted.CEM updateshe component®ne by one, computingthe E-step(updating
W) after eachcomponentupdate,wherethe basicEM updatesall components'si-

multaneously”.Whena components annihilatedits probability massis immediately
redistritlutedstrengtheninghe remainingcomponent$8].

WhenCEM corverges,it is not guaranteedhatthe minimumof a( y; X) is found, be-
causeheannihilationrule (Eq. 20) doesnot take into accountthe decreaseausecdy
decreasin@,;. After corvergencethe componentvith the smallestweightis removed
andthe CEM is run again, repeatinguntil C,,, = 1. Thenthe estimatewith the small-
esta(y; X) is chosen.The implementatiorof the FJ algorithmusesa modi ed cost
functioninsteadof a( ; X) [8].

Hitherto the only assumptiongor the mixture distribution arethatthe EM algorithm
canbe written for it andall componentare parameterizethe sameway (hnumberof



parameter¥ for acomponent)With Gaussiamixture modelthe numberof parame-
terspercomponentsV = D + 2D 2+ 1D in thecaseof realvalueddataandarbitrary
covariancematrices. With complex valueddatathe numberof real free parameters
V = 2D + D? whereD is thedimensionalityof the (complex) data.For complex data
the numberof free parametershouldbe replacedby the new valuefor V insteadthe
one by Figueiredoand Jainwho derived the rule for real valueddata[8]. As canbe
seenin Eq. (20) the new valueampli es the annihilationwhich makes sensebecause
therearemoredegreesof freedomin a component.On the otherhandtherearemore
trainingdatawith thesamenumberof trainingpoints,becauséhedatais comple (two
valuesin onevariableasopposedo onevalue).

2.3.4 GreedyEM algorithm

The greedyalgorithm startswith a singlecomponentandthenaddscomponentsnto
the mixture one by one[28]. The optimal startingcomponenfor a Gaussiarmix-
tureis trivially computed optimal meaningthe highesttraining datalikelihood. The
algorithmrepeatstwo steps:inserta componentnto the mixture, andrun EM until
convergence.Insertinga componenthatincreaseshe likelihoodthe mostis thought
to beaneasiemproblemthaninitializing awhole nearoptimaldistribution. Component
insertioninvolvessearchingor the parametergor only onecomponenatatime. Re-
callthatEM nds alocal optimumfor the distribution parameterspot necessarilyhe
globaloptimumwhich makesit initialization dependeniethod.

Let pc denotea C-componentnixturewith parametersic . Thegeneralgreedyalgo-
rithm for Gaussiamixtureis asfollows [28]:

Algorithm 1 GreedyEM

1: Computethe optimal(in the ML sensepne-componenhixture p; andsetC A 1.
2: Find a new componeni (x;t % &% and correspondingnixingweight®® thatin-
creasethelikelihoodthe most:

X
f108%@%= arg_max IN[(1i ®pc(Xn)+ ®N (Xn;t;8)] (21)
18@9

while keepingpc  xed.
3 Setpcsr (X) A (L ®pc(x) + &N (x;t %89 andthenC A C + 1.
4. Updatepc usingEM (or someothermethod)until corvergence [optional]
5: Evaluatesomestoppingcriterion; goto Step2 or quit.

The stoppingcriterionin Step5 canbe for exampleary kind of modelselectioncrite-
rion, wantednumberof componentspr the minimummessagéengthcriterion.

The crucial point is of courseStep2. Finding the optimal nev componentrequires
a global searchwhich is performedby creatingCN¢ang candidatecomponentsThe
numberof candidatesvill increasdinearly with the numberof component£, having

Ncang Candidatepereachexisting component.The candidateesultingin the highest
likelihoodwheninsertedinto the (previous) mixture is selected.The parametersaind
weightof thebestcandidatearethenusedin Step3 insteadof thetruly optimalvalues.

The candidatedor executingStep2 areinitialized asfollows: the training datasetX
is partitionedinto C disjoint datasetsf Acg, ¢ = 1:::C, accordingto the posterior

10



probabilitiesof individual componentsthe datasetis Bayesiarclassi ed by the mix-
turecomponentsFromeachA; numberof N¢ang candidategreinitialized by picking
uniformly randomlytwo datapointsx; andx, in Ac. The setA. is thenpartitioned
into two usingthe smallestdistanceselectionwith respecto x, andx, . Themeanand
covarianceof thesetwo new subsetsarethe parametergor two new candidates.The
candidateveightsaresetto half of the weight of the componenthat producedhe set
Ac. Thennew x| andx, aredrawn until N¢ang candidatesreinitialized with Ac. The
partial EM algorithmis thenusedon eachof the candidates.The partial EM differs
from the EM and CEM algorithmsby optimizing (updating)only onecomponentf a
mixture, it doesnot changeary othercomponents.in orderto reducethe time com-
plexity of thealgorithmalower boundonthelog-likelihoodis usedinsteadof thetrue
log-likelihood. The lower-boundlog-likelihoodis calculatedwith only the pointsin
therespectie setA;. Thepartial EM updateequationsareasfollows:

®N (xn;*;8)

. = 22
M = T @)pe(x) + BN (X7 18) 22
o= L " W (23)
= n;,C +1
@AC)nzAc
P
1 m12A, Wnic +1 Xn (24)
n2Ac WniC +1
P
. . T

§ = _N2A Wn!'§+1 Xni )Xni 1) (25)

n2A. Wn,C +1

where@A;) is thenumberof trainingsamplesn thesetA.. Thesesequationsaremuch

like the basicEM updateequationsn Egs.(16)—(18). The partial EM iterationsare

stoppedvhentherelative changen log-likelihoodof theresultingC + 1 -component
mixturedropsbelaw thresholdor maximumnumberof iterationsis reachedWhenthe

partial EM hascorvemedthe candidatds readyto be evaluated.

2.3.5 Avoiding covariance matrix singularities

All above estimationmethodsmay fail dueto singularitiesappearingduring compu-
tation of new estimatesSeveral heuristicexplicit covariancematrix xing procedures
canbe appliedin orderto preventsingularities. Also, Nagy et al. [20] presentan al-
gorithm usingfactorizedcovariancematricesthat avoids singularitiesaltogether The
methodusedwith the EM andFJalgorithmsis describechext.

Computatiomumericsmay introduceinaccuraciesothatthe covariancematrix is no

longer strictly Hermitian (complex conjugate symmetric,§ = §%). The matrix is
forcedto Hermitianby

8§ A § L‘s’u

2

andremoving imaginarypartfrom thediagonal.

(26)

Thematrixis testedor positive de nitenesswith Cholesly factorizationChol). While
the testis negative, the diagonalof the matrix is modi ed. If the diagonalcontains
elementghatarelessthan10" the diagonalvaluesaregrown by anamountrelative to
the largestabsolutevalue on the diagonal,alsotaking accountthat negative diagonal
elementdecomepositive enough.Otherwisethe diagonalis grown by 1 percent.
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2.4 Experiments

All theabore methodsarepublicly availablein the Matlab software packageprovided
by theauthorq1]. In theexperimentgliscusseahext themethodsvereappliedin clas-
si cation taskswith several publicly availabledatasets.A comparisorbetweerthree
methods EM, FJ and GEM was performedto inspecttheir accurag androbustness.
The experimentswvere conductedoy varying both the parameterelatedto numberof
componentsandthe amountof datausedfor training. For FJand GEM the number
of componentsienotedthe maximumnumberof components.Mean and maximum
accuracieandalgorithm crashrate wereinspected.A crashis a situationwherethe
algorithmdoesnot producea nal mixtureestimateandcannotcontinuege.g.,in EM a
covariancematrix becomesinde nedor in FJall mixture componentsareannihilated.

In the rst experimentforestspectraldata rst introducedby Jaasklainenet al. [15]
wasused.Sincethe datawasof high dimensionalityit wasprojectedto fewer dimen-
sionsasproposedn [16]. For training, varying amountsof the data(20-70%) were
randomlyselectedand 30% were usedfor classi cation by Bayesrule. In Fig. 4(a)
it canbe seenhow all methodsperformedequallywell and minimum and maximum
accuraciesverebothnearthemeanaccurag. It shouldbenotedthatin Fig. 4(a)FJand
GEM alwayscorvergedto the samenumberof componentsthatis, a singleGaussian.
GEM wasthemoststablein termsof crashratewhile EM frequentlycrashedor anon-
optimalnumberof componentandFJalgorithmdid not succeedintil enoughtraining
exampleswereincluded(Fig. 4(b)). Thecrashrateis representedsaproportionto the
total amountof re-executionsof the algorithmandre-executionswith reselectedlata.
Furthermoretherewereno signi cant differencesn maximalaccuracie®f different
methodavhenthey succeedeih estimationasshovn in Figs.4(c) and4(d). However,
for agoodresultEM mustbe executedseveraltimes.

Next, the sameexperimentwasconductedor theforestdataprojectedinto 10 dimen-
sionsandresultsareshavnin Fig. 5. Feverdimensiongroducedsmoothedatawhich
canbe seenfrom the resultsasall methodsperformedmorereliably andeventhe FJ
did not crash. However, more discriminatinginformationwaslost and consequently
the maximal accurag decreased.Otherwisethe methodsbehaed equally asin the
rst experiment.

In thethird experimentwell-known waveformdatawasused.Waveformdataconsisted
of 500040-elementvectors,wherethe rst attributesare meaningfulattributeswith

addednoiseandthelast19 elementsarepurenoise. The optimal Bayesclassi cation
accuray is 86%[4]. FJreachedhe optimumwith one Gaussiarcomponentndthe
othermethodscamevery close(Fig. 6). In Fig. 6(a)it seemghatthereis enoughdata
for slight over tting. The GreedyEM (GEM) shaws that it addscomponentsjuite
greedily Otherwiseall methodgperformedequally

Basedon the experimentsit canbe saidthatthe standardEM algorithmoutperforms
FJandGEM if agoodprior knowledgeexists aboutthe numberof componentsBoth
FJand GEM automaticallyestimatethe numberof component@andit seemghatthe
FJproducesnoreaccurateesults but alsorequiresmoretrainingsampleshanGEM.
As animplementatiorthe GEM is the moststablewhile the standardEM is the most
unstable. The unsupervisedhatureof FJand GEM still motivatestheir usein mary
practicalapplications.
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Figure4: Resultsfor the 23-d forestdataasfunctionsof amountof training data: (a)
classi cationaccurag (70%of datausedfor trainingandmin., max.,andmeancurves
plotted);(b) algorithmcrashrate;(c) meanaccurag; (d) maximumaccurag.

3 Featurediscrimination and classi cation

Bayesiandecisionmakingis the most standardway to classify obsenationsif class
conditionalpdf'sareknown, but theclassi cationcanbeappliedonly to oneof thefour
itemsmentionedin the introduction,i.e., i) classi cation of an unknovn obsenation
into oneof prede nedclasseslt shouldbenotedthattheplainuseof theBayesformula
doesnot guarantedayesiamptimal decisionmakingandtherearenumerouspattern
recognitionproblemswhich cannotbe formulatedasa Bayesiartask[22].

In this studyGaussiamnixturemodelsareconsideredor representinglassconditional
pdf's and the Bayesianrule can be usedfor selectingwhich classto assignfor an
unclassi edobsenation. Theweaknessf theapproachs thataposterioriprobabilities
canbe usedonly to make a decisionbetweerknown classedor a single obsenration.
It is importantto notethatposteriorcannotbe usedto compareifferentobsenations,
for example,to decidewhich one of themis morereliably from a certainclass. The
comparisorbetweerinstancesnustbe basedn someotherstatisticalreasoning.

TheBayesiardecisionmakingwasusefulonly in the rst problemde nedin theintro-
duction,but the othertwo problems:ii) nding bestcandidatesrom a setof obsena-
tionsandiii) decidingaboutbelongingto a singleknown classwhenotherclassesre
unknaowvn or their samplesareinsufcient mustbe formulatedin anotherway. In this
studyuseof con denceinformationis proposedindcon denceadditionallycoversthe
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Figure5: Resultsfor the 10-d forestdataasfunctionsof amountof training data: (a)
classi cationaccurag (70%of datausedfor trainingandmin., max.,andmeancurves
plotted);(b) algorithmcrashrate;(c) meanaccurag; (d) maximumaccurag.

last problem,iv) concludingwhat usefulstatisticalinformationshouldbe provided to
thenext processingevel.

3.1 Classi cation usingthe Bayesiandecisionrule

Bayesianclassi cation and decisionmaking are basedon probability theory andthe
principle of choosingthe mostprobableor the lowestrisk (expectedcost) option[22,
26]. Assumethatthereis a classi cationtaskto classifyfeaturevectors(obsenrations)

is thedimensionof avector Probabilitythatafeaturevectorx belongsto aclass!  is
P (! «jx), andit is oftenreferredto asa posterioriprobability Theclassi cationof the
vectoris doneaccordingo posteriormprobabilitiesor decisionrisks calculatedrom the
probabilities[22].

The posteriomprobabilitiescanbe computedwith the Bayesformula

P(xj! k)P (! k)

—_— 27
p() @)

wherep(xj! k) is the probability densityfunction of class! ¢ in thefeaturespaceand
P (! k) istheapriori probabilitywhichtells the probability of the classbeforemeasur
ing ary featureslf apriori probabilitiesarenotactuallyknown, they mustbeexplicitly

P(!kjx) =
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Figure6: Resultsfor the waveform dataasfunctionsof amountof training data: (a)
classi cationaccurag (70%of datausedfor trainingandmin., max.,andmeancurves
plotted);(b) algorithmcrashrate;(c) meanaccurag; (d) maximumaccurag.

de ned or estimatedrom thetrainingset. A fatalerrorexistsif a prioriesdo not exist
[22]. Thedivisor

X
p(x) = p(xjti)P(i) (28)
i=1
is merelya scalingfactorto assurehat posteriorprobabilitiesarereally probabilities,
i.e.,theirsumis one.

It canbeshowvn thatchoosingheclassof the highestposteriomprobabilityproduceghe

minimum error probability [6, 22, 26]. However, if the costof makingdifferentkinds

of errorsis not uniform, the decisioncanbe madewith a risk function that computes
theexpectedcostusingthe posteriorprobabilities andchoosethe classwith minimum

risk [22].

A centralcomponentn the Bayesiarclassi cationis the class-conditionaprobability
densityfunction p(xj! ). Thefunctiontells the distribution of featurevectorsin the
featurespacensideaparticularclass,.e., it describeshe classmodel.In practiceit is
alwaysunknavn exceptin somearti cial classi cationtasks. Thedistribution canbe
estimatedrom atraining setwith the describednethodsassumingGaussiamixture
models.
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3.2 Classi cation usingcon dence

Thetermcon dencemay have variousdifferentmeaningsandformulations but in our
casecon denceis usedto measureeliability of a classi cationresultwherea class
labelis assignedo anobsenation. If con denceis low it ismoreprobableghatawrong
decisionhave beenmade. Intuitively value of classconditionalpdf at an obsenation
correspondgo con dencefor a speci ¢ class: the higherthe pdf valueis, the more
instance®f acorrespondinglassappeasimilar asthe obsenation.

A posterioriis a between-clasmeasurdor a singleobsenation, but pdf valuescanbe
usedasaninter-classmeasurdo selectthe bestrepresentate of a class.For example
in objectdetectionit is computationallyef cient to processhestevidencecandidates
representingartsof anobject rst [12]. Unlikely evidencecandidatesanbe pruned
asoutliers.In suchtasksthe useof con denceis bene cial.

3.2.1 Interpretation of con dence

A posteriorivaluescanbe usedto selectthe mostprobableclassfor a singleobsena-
tion, but con dencevaluescanbe usedto selectthe mostreliableclassrepresentatie
amongmary obsenations. In certaintasks,con dencecanbe usedto discardobser
vationswhich cannotbe sufciently reliably assignedo ary of known classesthatis,
their pdf valuesaretoo low for areliabledecisionmaking. The sameapproactcanbe
usedin two classproblemswheretraining examplesare available only for oneclass,
andnow, obsenrationswhich do not passa prede nedcon dencelevel areassignedo
the unknown class(e.g. in detectionof motor failure conditions[19]). In thatsense
the con dencedoesnot referto a singlevaluelimit but to a certainallowedregion in
featurespace.

De nition 1 Con dencevalue- 2 [0; 1] andcon denceregionR u - for a proba-

bility distribution function0 - p(x) < 1 ,8x 2 - . - isacon dencevaluerelatedto
a non-uniquecon denceregion R sud that
z
p(x)dx = - (29)
- nR

Thede nition of con dencein De nition 1 is easilyinterpretablevia the con dence
region R. It is aregion which coversa proportionlj - of the probability massof
p(x) becausdor probabilitydistributions  p(x)dx = 1. It isclearthat- = 1forR

containsonly a nite numberof individual pointsand- = O0for R = - . It shouldbe
notedthatthe con dencevaluehasno useuntil theregion R is de ned asa minimal
volumeregion which satis esDe nition 1. The minimal volumeregion is calledthe
highestdensityregion (HDR) [13].

de ned, but intuitively the samevalue is good for all classes. A con dence value
correspondso a proportionof probability massthatretainsin anareaR. In aclas-
si cation taskwherecertaincon dencefor decisionmakingis requiredthecon dence
valueitself is notused but actuallythe con denceregion R is importantsincea sam-
ple vectorx is allowedto entertheclass! ¢ only if x 2 Ry. If asampleis notwithin
thecon denceregion of ary of theclassest mustbe classi edto agarbageclass.The
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garbageclassis a specialclassandsamplesassignedo the classneeda specialatten-
tion; for example,moreinformationis neededor obsenationsin the garbageclassor
in a two-classproblemwheredatais available only from oneclassthe garbageclass
may representhe otherclasswith anunknavn distribution.

Therearevarioususesfor the con dencevaluein classi cation. For example,in the
searctor thebestevidencesetsfrom alarge setof sampleghe useof con dencevalue
may decrease¢he work donein further processingsteps.The con dencemay alsobe
directly usedto guaranteghe con denceof the classi cation. In condition monitor
ing mechanicafailurestypically evolve duringthe processandtoo earlywarningmay
leadto too pessimistiaepairingproceduresFurthermoreasrelatedto the condition
monitoring, it is often easyto collect sampledrom normalsystemconditions,but all
failurescannever be comprehenskly recorded,andthus,two classclassi cationto
normalor failure conditioncanbe performedutilizing the con dencevalue: samples
within the con denceregion are assignedo the normal classand outsidethatto the
failure conditionwhoseprobability distribution is unknavn. Correctuseandadwan-
tagesof usingcon dencein classi cationwill be demonstratedndfurther discussed
in the experimentalpartof this study

3.2.2 Analytical solution for con®dence

As showvn in Eqg. 3 pdf estimatedby a nite Gaussiammixture model p(x) canbe
representeds

x
p(x) = ®pe(x) (30)

c=1
where(givenin R")

— . . — .. 1 . Tgil . ’
pc(x)—N(x,1C,§c)-Wexp IE(XI ) 8L (X te)
(31)
Theproblemis to
Y4

R A argmin Vol(R); suchthat  p(x)dx = 1j - ; (32)
R

thatis, it isdesiredo nd theminimalvolumeregionR thatsatis esthegivenequality
i.e., coversthedesiredprobability mass.

As alreadymentionedthe multivariate Gaussiar(normal) distribution belongsto the
elliptically contouredamily of distributions[27]. For asinglenormalpdfit is straight-
forwardto shav thatR which satis esEq. (32) is a hyperellipsoid[27]

R=fx2-j(xjt)'8xjt) r’g: (33)
Distribution of the squaredVlahalanobigiistance(x | *)T§ Y(x j *)in Eq.(33)is
the A? distribution wherethe numberof degreesof freedomparameteis the dimen-

sionality of x. Thereforer? canbe found by computinginverseof the cumulative A
pdf.
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Correspondinglya propositioncan be madethat the solutionfor a Gaussiarmixture
modelpdfis
[C

R = Re; whereR. = fx 2 - j(xj *o)'8.%xi 1. rig; (34)

c=1

thatis, theminimumvolumeregionthatcoversthedesiredprobabilitymassin a Gaus-
sianmixture modelpdf consistsof hyperellipsoidregionsconcentrateshearthe mean
of eachmixture modelcomponentThe propositioncanbe only approximatelycorrect
sinceit claimsthat ellipsoidalareasspanthe sameaxis relationsasthe Gaussiarco-
variancematriceshutit is nottruesincethe probabilitymassesf separateomponents
affectto eachother If the propositionwould however be acceptedhe minimal con -
denceregion R couldbe numericallysearchedby a gradientdescentnethod.Thefor-
mulationwould be simplefor a singlemulti-dimensionalGaussianbut becomesnore
dif cult whenthereareseveralnon-oserlappingGaussianandvery complex whenthe
overlappingis allowed: integrationmustbe doneover all componentsn every ellip-
soid. Therequiredtheoryfor computationgxist [23, 24, 25], but theoptimizationmay
still becomecomputationallyinfeasible,and thus, feasibleand sufciently accurate
approximatingnethodsareneededOnesuchmethodwill bedescribechext.

3.2.3 Rank-order statisticsbasedcon®denceestimation

To nd the con denceregion a reverseapproachcanbe usedto nd a pdf value ¢,

whichis attheborderof thecon denceregion. It is assumedhatthe pdf is continuous
andthe gradientof the pdf is never zeroin a whole neighborhoodf ary pointwhere
the pdf valueis nonzero. ¢ mustbe equaleverywherein the border otherwisethe

region cannotbe the minimal volumeregion [13]. ¢ canbe computedby rank-order
statisticausingthedensityquantile([13]) F (¢) andby generatinglataaccordingo the

pdf function. Densityquantileis the oppositeof con dence- = 1 F(¢).

N (* ; &) distributed datacan be generatedy generatingd -dimensionalvectorsy;,

eachelement.i.d. N (0; 1), andcomputingx; = y; Chol 8 + * [27]. Comple val-

ueddatacanbe generatedy generatind -dimensionalectorsz; with eachelement
i.i.d. U(0;%) andcomputingx; = (y; cosz; + y;isinz;) Chol § + 1. Gaussian
mixture datacanbegeneratedby rst randomlyselectingoneof thecomponentsising
componentveightsasprobabilitiesandthengeneratinga point with the parametersf

the selecteccomponent.

De®nition 2 ThedensityquantileF (¢) correspondingo a pdfvaluey, is
z

F(¢) = p(x)dx : (35)
p(x), ¢

The densityquantilecorrespond$o HDR probability mass,an integral over a region
wherepdf valuesremainabove the givenminimal level ¢. ClearlyF (¢) 2 [0; 1] since
it is similar to a cumulative pdf. The pdf value¢, hasno interpretationwhich couldbe
used,but it is easyto de ne a densityquantile,e.g.,quantileof 0:9 would acceptthe
mosttypical 90% of instancegyeneratedy the pdf. The quantileis a non-increasing
function, andthus,a reversemappingh(F) = ¢ canbede ned, whereF 2 [0; 1] is
thedesiredquantile.

18



The densityquantilehasa well-known connectionto con denceboundsof a normal
distribution andits pdf. Whenextendedto mixturesof normaldistributionsthe con -
denceboundsmay becomearbitrarily complex asthe numberof mixture components
increasesAn exampleof one-dimensionataseis illustratedin Figure7. Regionsturn
to beevenmoredif cult asmoving to multidimensionatomplex space<P .

Relation of PDF value threshold and HDR probability mass.
0.35 T T T T

— PDF
threshold
[ HDR mass

0.3 b

0.25 b

A |
\/ |

0.05f q

PDF value

L Il Il
0 2 4 6 8
random variable value
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A
N

Figure 7: A highestdensityregion (HDR) of a two-componentGMM pdf and the
correspondinghresholdn onedimension.Thecon denceregionis nolongerasimple
connectedet.

Analytical solutionfor F (¢) or h(F) canbevery dif cult, but a Monte Carlomethod
canbe usedto approximatethe functions. Computationutilizes randomsamplingby

decreasingnite serieswhich canbe usedto estimater (¢) andh(F). We have now
reducedheoriginal spaceCP into (adiscreteapproximatiorof) R* . A similar method
wasproposedy Hyndman[13].

Now, valueof F (¢) canbeapproximatedy

I = argmaxfyijyi - ¢g (36)
and,with linearinterpolation,
8
21 if ¢ <y
F(e)%_0 if ¢, YN (37)
> i1+ (i) .
1j ﬁ otherwise

wherethelinearinterpolationterm

_ 0:5 ifyisr i ¥i=0
(i; ¢) S otherwise =
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Thereversemappingh(F ) canbeapproximatedy

(

c=hF)v N =N

yi+ ((Nj D@ F)+ 1 i)(Yis1 i vi) otherwise (39)

wherei = b(N | 1)(1i F) + 1c.

Now, the estimatedodf value ¢, canbe usedasa limit pdf value whereobsenations
falling below aredirectedto the“garbageclass”. Hitherto,only Gaussiammixturemod-
elshave beenapplied,but the proposedestimationapproactappliesto ary continuous
pdf'sthatful ll thegradientconditiongivenin this section.

3.3 Experiments

The Bayesiandecisionmaking was alreadydemonstratedn the experimentswhere
differentestimatioralgorithmswerecomparedandsurelyin literaturethereis anenor
mousnumberof experimentalstudiesutilizing Bayesiandecisionmaking. Heretwo
examplesarerepresenteth orderto demonstrat¢he useof con dence.

In the rst experimentthe useof con denceinformationwas studiedin an applica-
tion whereits usability is apparent.In facedetectionmethodswheredetectionof a
wholefaceis basedon smallerfacial parts,evidence featuresareextractedfrom every
spatiallocation(e.g.,[11, 12]) andranked aspossibleevidencefrom differentclasses.
Thedetectionof thewholefaceis basedninspectionof spatialconnection®f differ-
entevidence. In Fig. 8(a) an examplefacialimageis shavn andthe 10 groundtruth
evidencearemarked [11]. In the training phaseGaborfeatureswere extractedfrom
training setimagesandclassconditionalpdf's wereestimatedor eachevidenceclass
by the FI method. In Fig. 8(b) a pdf surfaceis shawvn for the evidenceclassnumber
7 correspondingdo the left (left on the image)nostril. Figs. 8(c) and8(d) displaythe
con denceregionsof densityquantiled0:5 and0:05 correspondingo 0:5 and0:95 con-
dence valuesrespectiely. It is clearthatthecorrectevidencelocation,theleft nostril,
wasalreadyincludedin the 0:95 con denceregion, andthus,evidencesearctspacedor
the next processindevel wasreduceddramatically Usingthe con denceinformation
it is possibleto rankevidencefrom eachclassandprovide at mostarequestechumber
of bestcandidates$o a next processindevel [11], but alsoallowing the possibility that
evidenceis notfoundontheimage.

@ (b) © (d)

Figure8: Exampleof usingdensityquantilefor de ning con denceregions: (a) face
imageand 10 marked evidenceclasses|b) pdf value surfacefor the left (in image)
nostril class;(c) con dencethreshold0:5 (F (¢) = 0:5); (d) con dencethreshold0:95

(F(¢) = 0:05).
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Lindh etal. [19] have proposed statisticalsolutionfor detectingmotor bearingfail-
uresfrom statorcurrentsignalsof electricmotors,but they criticized the problemthat
not only normalconditionbut alsofailure conditionmeasurementareneededn their
solution. In practice providing failure conditionmeasurements often economically
impossibleandin generalt is dif cult to coverall failure situationswhile normalcon-
dition datais producedcontinuously This experimentusedthe samefeaturesaspro-
posedn theoriginal study[19], but only normalconditionmeasurementsereusedto
form a pdf andcon dencewasusedto decidebetweemormalandfailure conditions.
In Fig. 9 a ROC curwve is shavn for the conductedexperiment. Fromthe curve it can
be seenhow by decreasinghe con dencemorenormalconditionmeasurementsere
correctlyidenti ed (true positives),but alsoanincreasingnumberof failure conditions
were consideredasnormal (falsepositives). The optimal trade-of dependn appli-
cation. On the otherhand,therewasonly a minor differencecomparingto the result
wherealsofailure condition pdf wasusedin Bayesianclassi cation (a priorieswere
estimatedrom thetraining set,which doesnot correspondo thesituationin practice).
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Figure9: Recever operatingcharacteristi¢ROC) curve for usingcon dencevaluein
two classclassi cation of electricmotors. Positive testresultcorresponds$o normal
operatingconditionof a motor.

4 Conclusions

Our motivationfor this studywasthe reasorthat statisticalmethods gspeciallymeth-
odsbasedn classconditionalprobability densityfunctionsof featuresaresuitablein
certainclassi cationtasks. The studywasaimedto be usefulin featureclassi cation
andevidencebasedobjectdetection,which wasnot consideredn this studybut only
brie y demonstrateth the experiments.
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Theestimationof unknavn pdf'sis ageneralproblemandin this studyGaussiammix-

ture models(GMM) were analyzedasa modeland expectationmaximization(EM),

Figueiredo-Jair(FJ) and greedyEM (GEM) algorithmswere studiedfor estimating
GMM parametersThe studycoveredalsoestimationof complex datain multiple di-

mensionsin which caseEM and FJ have beenused. It seemsthat EM is the most
suitableif the numberof componentss known or canbereliably estimated.The opti-

malnumberof componentsanalsobeestimatedisinga separatevaluationsetandby

pruning.However, in this sensghetwo unsupervisednethods=JandgreedyEM also
seemedo berobustandreliablealgorithmsfor GMM parameteestimation.In prac-
tice singularitieshowever occut andthus,algorithmsmusttoleratethatfor exampleby

enforcingcovariancematricesto non-singular

Estimatedpdf's can be usedin classi cation and the secondpart of this study con-

centratedon three different classi cation problemsand in additionto what kind of

informationis neededn the next levels of processing.The rst problemwassolved

in a traditionalway by utilizing Bayesformula, but the next two problemsrequired
non-BayesiarmpproachTheuseof con dence,asde ned in this study wasproposed
anda methodto establishcon denceinformationwasintroduced. Finally the useof

con denceinformationwasdemonstratethy experiments.

Thiswork representsmorebroadewiew of usingfeaturepdf'sin aclassi cationand
rankingof extractedfeaturespbsenations. The work consistedf a studyhow pdf's
canbeestimatedanda studyhow theclassi cationshouldbe performed.In future,the
resultswill beappliedto aninvariantdetectionof objectevidenceby utilizing simple
Gaborfeaturesandstatisticalrankingasproposed.
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