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Abstract

Statisticalmethodshave certainadvantageswhich advocatetheir usein pattern
recognition.Onecentralproblemin statisticalmethodsis estimationof classcon-
ditional probabilitydensityfunctionsbasedon examplesin a trainingset. In this
studymaximumlikelihoodestimationmethodsfor Gaussianmixture modelsare
reviewed anddiscussedfrom a practicalpoint of view. In addition,goodprac-
tices for utilizing probability densitiesin featureclassi�cation andselectionare
discussedfor Bayesian,andmoreimportantly, for non-Bayesiantasks.As aresult,
the useof con�denceinformationin the classi�cation is proposedanda method
for con�denceestimationis presented.Thepropositionsaretestedexperimentally.

1 Intr oduction

In former patternrecognition(PR) studiesit wascommonpracticeto divide pattern
recognitioninto sub-categories,suchasstructural,statistical,andneuralapproaches
[21]. Thedivisionwaslooselybasedoninternalrepresentationsof patternsin different
methods,but later it becameevidentthatno strict taxonomywould applyandthesub-
ject itself containsequallyimportantsub-topics,e.g.,featureextractionandclassifying
features.In recentliteraturestrictcategoricaldivisionshavebeenevaded(e.g.,[6, 26]).
However, the division into structural,statisticalandneuralapproachesdescribesde-
velopmentof PR methods;structuralrepresentationsaretraditionally consistentwith
single instancesof patternswhile statisticalapproachesgeneralizeinstancesundera
moregeneralrepresentation,and�nally , neuralapproachesareblackboxeswherethe
representationcanonly beindirectlyaffected.Lately, blackboxandgrayboxmethods
haveprovedto besomeof themostpowerful methodsandmethodssuchasmulti-layer
perceptronneuralnetworks[3] andsupportvectormachines[5] arefrequentlyapplied
with agreatsuccess.Furthermore,novel methodsseemto embedfeatureselectioninto
a classi�er synthesisasfor examplein AdaBoostboostingalgorithm[9]. Thesepow-
erful methodsarealsostate-of-the-artmethodsin practiceandit is justi�able to askif
structuralandstatisticalapproachesareanymorerelevantatall.
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Drawbacksin black andgray box PR methodsareoften their incapabilityto provide
con�denceinformationfor theirdecisionor dif�culty to incorporaterisk andcostmod-
els into therecognitionprocess.In many applicationsit is not suf�cient just to assign
oneof prede�nedclassesto new observations;for example,in facedetectionfacialev-
idence,suchaseye centersandnostrils,shouldbedetectedfrom a sceneandprovided
in a rankedorder(bestcandidates�rst) to next processinglevel in orderto performde-
tectioncomputationallyef�ciently [11]. Grayboxmethodsmayincludethecon�dence
informationasanadhocsolution,but statisticalmethodsusuallyprovide theinforma-
tion in aninterpretableform alongwith suf�cient mathematicalfoundations.Statistical
methodsthusprovidesomeadvantagesoverblackboxmethods;thedecisionmakingis
basedon aninterpretablebasiswherethemostprobableor lowestrisk (expectedcost)
optioncanbechosen(e.g. Bayesiandecisionmaking[22]) anddifferentobservations
canbecomparedbasedon their statisticalproperties.

In atypicalPRproblem,featuresfrom known observations,atrainingset,areprovided
andnecessarystatisticsmustbeestablishedbasedon themfor recognitionof unknown
observationsandestimationof con�dence.A classof patternsis typically represented
asa probability densityfunction (pdf) of features. Selectionof properfeaturesis a
distinctandapplicationspeci�c problem,but asa moregeneralconsideration�nding
a properpdf estimatehasa crucial impact to successfulrecognition. Typically form
of the pdf is somehow restrictedand the searchreducesto a problemof �tting the
restrictedmodelto observed features.Often alreadysimplemodels,suchasa single
Gaussiandistribution (normaldistributed randomvariable),canef�ciently represent
patternsbut a moregeneralmodel,suchasa �nite mixturemodel,mustbeusedto ap-
proximatemorecomplex pdf's; arbitrarily complex probability densityfunctionscan
beapproximatedusing�nite mixturemodels.Furthermore,the�nite mixturerepresen-
tation is naturalfor certainkind of observations:observationswhich areproducedby
a randomlyselectedsourcefrom a setof alternative sourcesbelongingto a samemain
class.Thiskind of taskis naturalwhenobjectcategoriesareidenti�ed insteadof object
classes.For example,featuresfrom eyecentersarenaturallypartitionedinto closedeye
andopeneye,or CaucasianandAsianeyesubclasses.Theproblemariseshow proba-
bility densitiesshouldbeapproximatedwith �nite mixturemodelsandhow themodel
parametersshouldbeestimated.Equallyimportantis to de�ne correctpracticesto use
pdf's in thepatternrecognitionandclassi�cationtasks.

In this studyGaussianmixturemodel(GMM) pdf's arestudiedas�nite mixturemod-
els. The two main considerationswith GMM areestimationof numberof Gaussian
componentsandrobustnessof the algorithmto toleratesingularitiesoccurreddueto
a small samplesize. It cannotbe assumedthat userknows all necessarydetails,and
thus,theestimationshouldbeunsupervisedandutilize existingapproximationandsta-
tistical theories.Severalestimationmethodshave beenproposedin literatureandthe
mostprominentoneshave beenexperimentallyevaluatedin this study. The methods
areextendedto Cn sincethecomplex domainfeatures,suchasGabor�lter responses,
seemto benaturalfor someapplications[11, 18]. Correctclassi�cationpracticesare
analyzedandde�ned basedon problemcharacteristics:i) classifyinganunknown ob-
servation into oneof prede�nedclasses,ii) �nding bestcandidatesfrom a setof ob-
servations,iii) decidingaboutbelongingto a singleknown classwhenotherclasses
areunknown or their samplesareinsuf�cient, andiv) concludingwhatusefulstatisti-
cal informationshouldbeprovidedto thenext processinglevel. Finally, by providing
implementations([1]) for thedescribedmethods,we aim to encouragegoodpractices
whenusingGMM pdf's for representationanddiscriminationof patterns.
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2 Gaussianmixtur eprobability density function

Finitemixturemodelsandtheir typicalparameterestimationmethodscanapproximate
a wide variety of pdf's andarethusattractive solutionsfor caseswheresinglefunc-
tion forms,suchasa singlenormaldistribution, fail. However, from a practicalpoint
of view it is often soundto form the mixture usingoneprede�neddistribution type,
a basicdistribution. Generallythebasicdistribution function canbe of any type,but
the multivariatenormaldistribution, the Gaussiandistribution, is undoubtedlyoneof
themostwell-known andusefuldistributionsin statistics,playinga predominantrole
in many areasof applications[27]. For example,in multivariateanalysismostof the
existing inferenceprocedureshave beendevelopedundertheassumptionof normality
and in linear model problemsthe error vector is often assumedto be normally dis-
tributed. In additionto appearingin theseareas,the multivariatenormaldistribution
alsoappearsin multiple comparisons,in the studiesof dependenceof randomvari-
ables,andin many otherrelated�elds. Thus,if thereexists no prior knowledgeof a
pdf of phenomenon,only a generalmodelcanbe usedandthe Gaussiandistribution
is a goodcandidatedueto the enormousresearcheffort in the past. For a morede-
taileddiscussionon thetheory, propertiesandanalyticalresultsof multivariatenormal
distributionswe referto [27].

2.1 Multi variate normal distrib ution

A non-singularmultivariatenormaldistribution of a D dimensionalrandomvariable
X 7! x canbede�ned as

X » N (x ; ¹ ; §) =
1

(2¼)D =2j§ j1=2
exp

·
¡

1
2

(x ¡ ¹ )T § ¡ 1(x ¡ ¹ )
¸

(1)

where¹ is the meanvectorand§ the covariancematrix of the normally distributed
randomvariableX . In Figure1 anexampleof 2-dimensionalGaussianpdf is shown.
MultivariateGaussianpdf's belongto theclassof elliptically contoureddistributions,
which is evident in Fig. 1 wherethe equiprobabilitysurfacesof the Gaussianare¹ -
centeredhyperellipsoids[27].

-5 -4 -3 -2 -1 0 1 2 3 4 5
-5

0

5

-0.15

-0.1

-0.05

0

0.05

0.1

x
2

x
1

p

Figure 1: A two-dimensionalGaussianpdf and contourplots (equiprobabilitysur-
faces).
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TheGaussiandistributionin Eq.1 canbeusedto describeapdf of arealvaluedrandom
vector(x 2 RD ). A similarform canbederivedfor complex randomvectors(x 2 CD )
as

N C(x ; ¹ ; §) =
1

¼D j§ j
exp

£
¡ (x ¡ ¹ )¤§ ¡ 1(x ¡ ¹ )

¤
(2)

where¤ denotesadjointmatrix (transposeandcomplex conjugate). [10]

2.2 Finite mixtur emodel

Despitethe fact that multivariateGaussianpdf's have beensuccessfullyusedto rep-
resentfeaturesanddiscriminatebetweendifferentclassesin many practicalproblems
(e.g., [14, 19]) the assumptionof single componentleadsto strict requirementsfor
thephenomenoncharacteristics:asinglebasicclasswhichsmoothlyvariesaroundthe
classmean.Thesmoothbehavior is not typically themostsigni�cant problembut the
assumptionof unimodality. For multimodallydistributedfeaturestheunimodalityas-
sumptionmay causean intolerableerror to the estimatedpdf andconsequentlyinto
thediscriminationbetweenclasses.Theerror is not causedonly by the limited repre-
sentationpower but it mayalsoleadto completelywrong interpretations(e.g. a class
representedby two Gaussiandistributionsandanotherclassbetweenthem). In object
recognitionthis canbethecasefor sucha simplething asa humaneye,which is actu-
ally anobjectcategory insteadof a classsincevisualpresenceof theeye mayinclude
openeyes,closedeyes,Caucasianeyes,Asianeyes,eyeswith glasses,andsoon.

For a multimodalrandomvariable,whosevaluesaregeneratedby oneof several ran-
domlyoccurringindependentsourcesinsteadof asinglesource,a �nite mixturemodel
canbe usedto approximatethe truepdf. If theGaussianform is suf�cient for single
sources,thena Gaussianmixturemodel(GMM) canbeusedin theapproximation.It
shouldbe notedthat this doesnot necessarilyneedbe the casebut GMMs canalso
approximatemany othertypesof distributions(seeFig. 2).
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Figure 2: A uniform distribution U(0; 1) is representedby 100 evenly spaceddata
points. The distribution is approximatedusingGaussianmixture modelandEM pa-
rameterestimation.

TheGMM probabilitydensityfunctioncanbede�ned asaweightedsumof Gaussians

p(x ; µ) =
CX

c=1

®c N (x ; ¹ c; § c) (3)

where®c is the weight of cth component.The weight canbe interpretedasa priori
probabilitythatavalueof therandomvariableis generatedby thecth source,andthus,
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0 · ®c · 1 and
P C

c=1 ®c = 1. Now, a Gaussianmixturemodelprobabilitydensity
functionis completelyde�ned by aparameterlist [7]

µ = f ®1; ¹ 1; § 1; : : : ; ®C ; ¹ C ; § C g : (4)

An exampleof Gaussianmixturemodelpdf is shown in Fig. 3.
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Figure3: Surfaceof two-dimensionalGaussianmixturemodelpdf with threecompo-
nentsandcontourplots(equiprobabilitysurfaces).

2.3 Estimating mixtur emodelparameters

A vital questionwith GMM pdf's is how to estimatethe modelparametersµ. For a
mixtureof C componentsanda D dimensionalrandomvariableX (X 7! x 2 R D )
thetotal numberof parametersto beestimatedis presentedin Table1. Thenumberof
freeparametersis lower for purecomplex datathanfor datawhererealandimaginary
partsareconcatenatedto form a realvectorof doublelength. However, if computing
with real numbersis necessary, the mappingfrom C to R2 shouldbechosenaccord-
ing to data. If magnitudeandphaserepresentationis usedthe phasemay introduce
a discontinuityinto features[17]. Still, usingpurely complex representationmay be
advantageousrequiringlesstraining examplesin parameterestimation.In the calcu-
lationsthe degreeof freedomfor a singlereal variableis 1 andfor a singlecomplex
variable2. The sameidentity hasbeenusedin the degreesof freedomfor complex
covariancematrix sinceit appliesasanupperbound.

Table1: Numberof freeparametersin aGaussianmixturemodel.
Type ®c ¹ c § c Tot.
x 2 RD 1 D 1

2 D 2 + 1
2 D C( 1

2 D 2 + 3
2 D) + C ¡ 1

x 2 CD 1 2D D 2 C(D 2 + 2D) + C ¡ 1
x 2 CD ! R2D 1 2D 2D 2 + D C(2D 2 + 3D) + C ¡ 1

In literaturethereexists two principal approachesfor estimatingtheparameters:ma-
ximum-likelihoodestimationandBayesianestimation. While therearestrongtheo-
reticalandmethodologicalargumentssupportingBayesianestimation,in practicethe
maximum-likelihoodestimationis simpler and,whenusedfor designingclassi�ers,
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canleadto classi�ersnearlyasaccurate;many implementationissuessupportthese-
lectionof maximum-likelihoodestimation.In thisstudythemaximum-likelihoodesti-
mationis selectedbasedonpurelypracticalreasons.

2.3.1 Maximum-lik elihoodestimation

Assumethat thereis a setof independentsamplesX = f x 1; : : : ; x N g drawn from a
singledistribution describedby a probability densityfunction p(x ; µ) whereµ is the
pdf parameterlist. Thelikelihoodfunction

L (X; µ) =
NY

n =1

p(x n ; µ) (5)

tells the likelihoodof thedataX giventhedistribution or, morespeci�cally, giventhe
distributionparametersµ. Thegoalis to �nd µ̂ thatmaximizesthelikelihood:

µ̂ = argmax
µ

L (X; µ) : (6)

Usuallythis functionis notmaximizeddirectlybut thelogarithm

L(X; µ) = ln L (X; µ) =
NX

n =1

ln p(x n ; µ) (7)

calledthe log-likelihoodfunction which is analyticallyeasierto handle. Becauseof
the monotonicityof the logarithm function the solution to Eq. (6) is the sameusing
L (X; µ) or L (X; µ).

Dependingonp(x ; µ) it mightbepossibleto �nd themaximumanalyticallyby setting
thederivativesof thelog-likelihoodfunctionto zeroandby solvingµ. For a Gaussian
pdf the analyticalsolution leadsto the well-known estimatesof meanandvariance,
but usuallytheanalyticalapproachis intractable.In practiceaniterative methodsuch
asthe expectationmaximization(EM) algorithmis used. Maximizing the likelihood
may in somecaseslead to singularestimates,which is the fundamentalproblemof
maximumlikelihoodmethodswith Gaussianmixturemodels[7].

If theparametersof theGaussianmixturemodelpdf mustbeestimatedfor K different
classesit is typical to assumeindependence,i.e., instancesbelongingto oneclassdo
not revealanythingaboutotherclasses.In thecaseof independentclasses,theestima-
tion problemof K class-conditionalpdf's canbe divided into K separateestimation
problems.

2.3.2 BasicEM estimation

The expectationmaximization(EM) algorithmis an iterative methodfor calculating
maximumlikelihooddistribution parameterestimatesfrom incompletedata(elements
missingin featurevectors)[2]. Thealgorithmcanalsobeusedto handlecaseswhere
ananalyticalapproachfor maximumlikelihoodestimationis infeasible,suchasGaus-
sianmixtureswith unknown andunrestrictedcovariancematricesandmeans.In the
following thenotationandderivationscorrespondto theonesusedby Dudaet al. [6]
andFigueiredoandJain[8].
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Assumethat eachtraining samplecontainsknown featuresandmissingor unknown
features.Existing featuresarerepresentedby X andall unknown featuresby Y. The
expectationstep(E-step)for theEM algorithmis to form thefunction

Q(µ; µi ) ´ EY [ ln L (X; Y; µ) j X; µi ] (8)

whereµi is thepreviousestimatefor thedistribution parametersandµ is thevariable
for a new estimatedescribingthe (full) distribution. L is the likelihood function in
Eq. (5). The function calculatesthe likelihood of the data, including the unknown
featureY marginalizedwith respectto thecurrentestimateof thedistributiondescribed
by µi . Themaximizationstep(M-step)is to maximizeQ(µ; µi ) with respectto µ and
set

µi +1 Ã argmax
µ

Q(µ; µi ): (9)

Thestepsarerepeateduntil a convergencecriterionis met.

For theconvergencecriterionit is suggestedthat(e.g.[6])

Q(µi +1 ; µi ) ¡ Q(µi ; µi ¡ 1) · T (10)

with asuitablyselectedT andthat(e.g.[26])

jjµi +1 ¡ µi jj · ² (11)

for anappropriatelychosenvectornormand². Commonfor thebothof thesecriteria
is that iterationsarestoppedwhenthechangein thevaluesfalls below a threshold.A
moresophisticatedcriterioncanbederivedfrom Eq.(10)by usingarelative insteadof
anabsoluterateof change.

The EM algorithmstartsfrom an initial guessµ0 for the distribution parametersand
the log-likelihoodis guaranteedto increaseon eachiterationuntil it converges. The
convergenceleadsto a local or globalmaximum,but it canalsoleadto singularesti-
mates,which is trueparticularlyfor Gaussianmixturedistributionswith arbitrary(not
restricted)covariancematrices.

The initialization is oneof the problemsof the EM algorithm. The selectionof µ0

(partly)determineswherethealgorithmconvergesor hits theboundaryof theparame-
terspaceproducingsingular, meaninglessresults.Somesolutionsusemultiplerandom
startsor aclusteringalgorithmfor initialization [8].

In thecaseof Gaussianmixturemodelstheknown dataX is interpretedasincomplete
data.ThemissingpartY is theknowledgeof whichcomponentproducedeachsample
x n . For eachx n thereis a binaryvectory n = f yn; 1; : : : ; yn;C g, whereyn;c = 1, if
the samplewasproducedby the componentc, or zerootherwise.The completedata
log-likelihoodis

ln L (X; Y; µ) =
NX

n =1

CX

c=1

yn;c ln (®c p(x n jc; µ)) : (12)

The E-stepcontainscomputationof the conditionalexpectationof the completedata
log-likelihood,theQ-function,givenX andthecurrentestimateµi of theparameters.
Sincethecompletedatalog-likelihoodln L (X; Y; µ) is linearwith respectto themiss-
ing Y, theconditionalexpectationW ´ E[Y j X; µ] hassimply to becomputedandput
into ln L (X; Y; µ). Therefore

Q(µ; µi ) ´ E
£
ln L (X; Y; µ) j X; µi ¤= ln L (X; W; µ) (13)
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wheretheelementsof W arede�ned as

wn;c ´ E
£
yn;c j X; µi ¤= Pr

£
yn;c = 1j x n ; µi ¤: (14)

Theprobabilitycanbecalculatedwith theBayeslaw ([8])

wn;c =
®i

c p(x n jc; µi )
P C

j =1 ®i
j p(x n jj ; µi )

(15)

where®i
c is thea priori probability(of estimateµi ) andwn;c is thea posterioriproba-

bility thatyn;c = 1 afterobservingx n . In otherwords,wn;c is theprobabilitythatx n

wasproducedby componentc.

Applying the M-stepto the problemof estimatingthe distribution parametersfor C-
componentGaussianmixturewith arbitrarycovariancematrices,theresultingiteration
formulasareasfollows:

®i +1
c =

1
N

NX

n =1

wn;c (16)

¹ i +1
c =

P N
n =1 x n wn;c

P N
n =1 wn;c

(17)

§ i +1
c =

P N
n =1 wn;c (x n ¡ ¹ i +1

c )(x n ¡ ¹ i +1
c )T

P N
n =1 wn;c

: (18)

Thenew estimatesaregatheredto µi +1 (Eq. 4). If theconvergencecriterion(Eqs.10
or 11) is not satis�ed, i Ã i + 1 andEqs.(15)–(18)areevaluatedagain with new
estimates.

Theinterpretationof theEqs.(16)–(18)is actuallyquite intuitive. Theweight®c of a
componentis theportionof samplesbelongingto thatcomponent.It is computedby
approximatingthe component-conditionalpdf with the previous parameterestimates
andtakingtheposteriorprobabilityof eachsamplepointbelongingto thecomponentc
(Eq.15). Thecomponentmean¹ c andcovariancematrix§ c areestimatedin thesame
way. Thesamplesareweightedwith theirprobabilitiesof belongingto thecomponent,
andthenthesamplemeanandsamplecovariancematrixarecomputed.

It is worthwhileto notethathithertothenumberof componentsC wasassumedto be
known. Clusteringtechniquestry to �nd thetrueclustersandcomponentsfrom atrain-
ing set,but our taskof training a classi�er only needsa goodenoughapproximation
of thedistribution of eachclass.Therefore,C doesnot needto beguessedaccurately,
it is just a parameterde�ning the complexity of the approximatingdistribution. Too
smallC preventstheclassi�er from learningthesampledistributionswell enoughand
too large C may lead to an over�tted classi�er. More importantly, too large C will
de�nitely leadto singularitieswhentheamountof trainingdatabecomesinsuf�cient.

2.3.3 Figueiredo-Jain Algorithm

The Figueiredo-Jain(FJ) algorithmtries to overcomethreemajor weaknessesof the
basicEM algorithm[8]. TheEM algorithmpresentedin Section2.3.2requirestheuser
to setthenumberof componentsandthenumberremains�x edduring theestimation
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process.The FJ algorithm adjuststhe numberof componentsduring estimationby
annihilatingcomponentsthat arenot supportedby the data. This leadsto the other
EM failurepoint, theboundaryof theparameterspace.FJavoids theboundarywhen
it annihilatescomponentsthatarebecomingsingular. FJ alsoallows startingwith an
arbitrarily largenumberof components,which tacklestheinitialization issuewith the
EM algorithm. The initial guessesfor componentmeanscanbe distributed into the
wholespaceoccupiedby trainingsamples,evensettingonecomponentfor everysingle
trainingsample.

Theclassicalway to selectthenumberof mixturecomponentsis to adoptthe”model-
class/model”hierarchy, wheresomecandidatemodels(mixture pdf's) arecomputed
for eachmodel-class(numberof components),andthenselectthe”best” model. The
ideabehindtheFJalgorithmis to abandonsuchhierarchy andto �nd the”best” overall
modeldirectly. Usingtheminimummessagelengthcriterionandapplyingit to mixture
modelsleadsto theobjective function[8]

¤( µ; X) =
V
2

X

c: ®c > 0

ln(
N ®c

12
) +

Cnz

2
ln

N
12

+
Cnz (V + 1)

2
¡ ln L (X; µ) (19)

whereN is thenumberof trainingpoints,V is thenumberof freeparametersspecifying
acomponent,andCnz is thenumberof componentswith nonzeroweightin themixture
(®c > 0). µ in thecaseof Gaussianmixture is thesameasin Eq. (4). The last term
ln L (X; µ) is thelog-likelihoodof thetrainingdatagiventhedistributionparametersµ
(Eq.7).

TheEM algorithmcanbeusedto minimizeEq. (19) with a �x edCnz [8]. It leadsto
theM-stepwith componentweightupdatingformula

®i +1
c =

max
½

0;
µ

NP

n =1
wn;c

¶
¡ V

2

¾

CP

j =1
max

½
0;

µ
NP

n =1
wn;j

¶
¡ V

2

¾ : (20)

This formula containsan explicit rule of annihilating componentsby setting their
weightsto zero.Otherdistributionparametersareupdatedasin Eqs.(17)and(18).

TheaboveM-stepis notsuitablefor thebasicEM algorithmthough.Wheninitial C is
high, it canhappenthatall weightsbecomezerobecausenoneof thecomponentshave
enoughsupportfrom the data. Thereforea component-wiseEM algorithm(CEM) is
adopted.CEM updatesthe componentsoneby one,computingthe E-step(updating
W) after eachcomponentupdate,wherethe basicEM updatesall components”si-
multaneously”.Whena componentis annihilatedits probabilitymassis immediately
redistributedstrengtheningtheremainingcomponents[8].

WhenCEM converges,it is not guaranteedthattheminimumof ¤( µ; X) is found,be-
causetheannihilationrule (Eq.20) doesnot take into accountthedecreasecausedby
decreasingCnz . After convergencethecomponentwith thesmallestweightis removed
andtheCEM is run again, repeatinguntil Cnz = 1. Thentheestimatewith thesmall-
est¤( µ; X) is chosen.The implementationof the FJ algorithmusesa modi�ed cost
functioninsteadof ¤( µ; X) [8].

Hitherto the only assumptionsfor the mixture distribution arethat the EM algorithm
canbewritten for it andall componentsareparameterizedthesameway (numberof
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parametersV for acomponent).With Gaussianmixturemodelthenumberof parame-
terspercomponentis V = D + 1

2 D 2 + 1
2 D in thecaseof realvalueddataandarbitrary

covariancematrices. With complex valueddatathe numberof real free parameters
V = 2D + D 2 whereD is thedimensionalityof the(complex) data.For complex data
thenumberof freeparametersshouldbereplacedby thenew valuefor V insteadthe
oneby FigueiredoandJainwho derived the rule for real valueddata[8]. As canbe
seenin Eq. (20) thenew valueampli�es theannihilationwhich makessensebecause
therearemoredegreesof freedomin a component.On theotherhandtherearemore
trainingdatawith thesamenumberof trainingpoints,becausethedatais complex (two
valuesin onevariableasopposedto onevalue).

2.3.4 GreedyEM algorithm

The greedyalgorithmstartswith a singlecomponentandthenaddscomponentsinto
the mixture one by one [28]. The optimal startingcomponentfor a Gaussianmix-
ture is trivially computed,optimal meaningthe highesttraining datalikelihood. The
algorithmrepeatstwo steps: inserta componentinto the mixture, andrun EM until
convergence.Insertinga componentthat increasesthe likelihoodthemostis thought
to beaneasierproblemthaninitializing awholenear-optimaldistribution. Component
insertioninvolvessearchingfor theparametersfor only onecomponentat a time. Re-
call thatEM �nds a local optimumfor thedistribution parameters,not necessarilythe
globaloptimumwhichmakesit initializationdependentmethod.

Let pC denotea C-componentmixturewith parametersµC . Thegeneralgreedyalgo-
rithm for Gaussianmixtureis asfollows [28]:

Algorithm 1 GreedyEM
1: Computetheoptimal(in theML sense)one-componentmixturep1 andsetC Ã 1.
2: Find a new componentN (x ; ¹ 0; § 0) andcorrespondingmixingweight®0 that in-

creasethelikelihoodthemost:

f ¹ 0; § 0; ®0g = arg max
f ¹ ;§ ;®g

NX

n =1

ln[(1 ¡ ®)pC (x n ) + ®N (x n ; ¹ ; §)] (21)

whilekeepingpC �xed.
3: SetpC +1 (x ) Ã (1 ¡ ®0)pC (x ) + ®0N (x ; ¹ 0; § 0) andthenC Ã C + 1.
4: UpdatepC usingEM (or someothermethod)until convergence. [optional]
5: Evaluatesomestoppingcriterion; go to Step2 or quit.

Thestoppingcriterionin Step5 canbefor exampleany kind of modelselectioncrite-
rion, wantednumberof components,or theminimummessagelengthcriterion.

The crucial point is of courseStep2. Finding the optimal new componentrequires
a global search,which is performedby creatingCNcand candidatecomponents.The
numberof candidateswill increaselinearly with thenumberof componentsC, having
Ncand candidatespereachexisting component.Thecandidateresultingin thehighest
likelihoodwheninsertedinto the (previous) mixture is selected.The parametersand
weightof thebestcandidatearethenusedin Step3 insteadof thetruly optimalvalues.

Thecandidatesfor executingStep2 areinitialized asfollows: the trainingdatasetX
is partitionedinto C disjoint datasetsf Acg, c = 1: : : C, accordingto the posterior
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probabilitiesof individual components;thedatasetis Bayesianclassi�ed by themix-
turecomponents.FromeachAc numberof Ncand candidatesareinitializedby picking
uniformly randomlytwo datapointsx l andx r in Ac. The setAc is thenpartitioned
into two usingthesmallestdistanceselectionwith respectto x l andx r . Themeanand
covarianceof thesetwo new subsetsaretheparametersfor two new candidates.The
candidateweightsaresetto half of theweightof thecomponentthatproducedtheset
Ac. Thennew x l andx r aredrawn until Ncand candidatesareinitializedwith Ac. The
partial EM algorithmis thenusedon eachof the candidates.The partial EM differs
from theEM andCEM algorithmsby optimizing(updating)only onecomponentof a
mixture, it doesnot changeany othercomponents.In orderto reducethe time com-
plexity of thealgorithma lowerboundon thelog-likelihoodis usedinsteadof thetrue
log-likelihood. The lower-boundlog-likelihoodis calculatedwith only the points in
therespectivesetAc. ThepartialEM updateequationsareasfollows:

wn;C +1 =
®N (x n ; ¹ ; §)

(1 ¡ ®)pC (x ) + ®N (x ; ¹ ; §)
(22)

® =
1

@(Ac)

X

n 2 Ac

wn;C +1 (23)

¹ =

P
n 2 Ac

wn;C +1 x nP
n 2 Ac

wn;C +1
(24)

§ =

P
n 2 Ac

wn;C +1 (x n ¡ ¹ )(x n ¡ ¹ )T

P
n 2 Ac

wn;C +1
(25)

where@(Ac) is thenumberof trainingsamplesin thesetAc. Theseequationsaremuch
like the basicEM updateequationsin Eqs.(16)–(18). The partial EM iterationsare
stoppedwhentherelative changein log-likelihoodof theresultingC + 1 -component
mixturedropsbelow thresholdor maximumnumberof iterationsis reached.Whenthe
partialEM hasconvergedthecandidateis readyto beevaluated.

2.3.5 Avoiding covariancematrix singularities

All above estimationmethodsmay fail dueto singularitiesappearingduring compu-
tationof new estimates.Severalheuristicexplicit covariancematrix �xing procedures
canbe appliedin orderto prevent singularities.Also, Nagy et al. [20] presentan al-
gorithmusingfactorizedcovariancematricesthatavoidssingularitiesaltogether. The
methodusedwith theEM andFJalgorithmsis describednext.

Computationnumericsmayintroduceinaccuraciessothat thecovariancematrix is no
longer strictly Hermitian (complex conjugate symmetric,§ = § ¤). The matrix is
forcedto Hermitianby

§ Ã § ¡
§ ¡ § ¤

2
(26)

andremoving imaginarypartfrom thediagonal.

Thematrixis testedfor positivede�nitenesswith Cholesky factorization(Chol). While
the test is negative, the diagonalof the matrix is modi�ed. If the diagonalcontains
elementsthatarelessthan10" thediagonalvaluesaregrown by anamountrelative to
the largestabsolutevalueon the diagonal,alsotaking accountthat negative diagonal
elementsbecomepositiveenough.Otherwisethediagonalis grown by 1 percent.
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2.4 Experiments

All theabove methodsarepublicly availablein theMatlabsoftwarepackageprovided
by theauthors[1]. In theexperimentsdiscussednext themethodswereappliedin clas-
si�cation taskswith severalpublicly availabledatasets.A comparisonbetweenthree
methods,EM, FJ andGEM wasperformedto inspecttheir accuracy androbustness.
Theexperimentswereconductedby varyingboth theparameterrelatedto numberof
componentsandthe amountof datausedfor training. For FJ andGEM the number
of componentsdenotedthe maximumnumberof components.Meanandmaximum
accuraciesandalgorithmcrashratewereinspected.A crashis a situationwherethe
algorithmdoesnotproducea �nal mixtureestimateandcannotcontinue,e.g.,in EM a
covariancematrixbecomesunde�nedor in FJall mixturecomponentsareannihilated.

In the �rst experimentforestspectraldata�rst introducedby Jaaskelainenet al. [15]
wasused.Sincethedatawasof high dimensionalityit wasprojectedto fewer dimen-
sionsasproposedin [16]. For training, varying amountsof the data(20–70%) were
randomlyselectedand30% wereusedfor classi�cation by Bayesrule. In Fig. 4(a)
it canbe seenhow all methodsperformedequallywell andminimum andmaximum
accuracieswerebothnearthemeanaccuracy. It shouldbenotedthatin Fig.4(a)FJand
GEM alwaysconvergedto thesamenumberof components,thatis, asingleGaussian.
GEM wasthemoststablein termsof crashratewhile EM frequentlycrashedfor anon-
optimalnumberof componentsandFJalgorithmdid notsucceeduntil enoughtraining
exampleswereincluded(Fig. 4(b)). Thecrashrateis representedasaproportionto the
total amountof re-executionsof thealgorithmandre-executionswith reselecteddata.
Furthermore,therewereno signi�cant differencesin maximalaccuraciesof different
methodswhenthey succeededin estimationasshown in Figs.4(c)and4(d). However,
for agoodresultEM mustbeexecutedseveraltimes.

Next, thesameexperimentwasconductedfor theforestdataprojectedinto 10 dimen-
sionsandresultsareshown in Fig.5. Fewerdimensionsproducedsmootherdata,which
canbe seenfrom the resultsasall methodsperformedmorereliably andeven the FJ
did not crash. However, morediscriminatinginformationwaslost andconsequently
the maximalaccuracy decreased.Otherwisethe methodsbehaved equallyas in the
�rst experiment.

In thethird experimentwell-known waveformdatawasused.Waveformdataconsisted
of 500040-elementvectors,wherethe �rst attributesaremeaningfulattributeswith
addednoiseandthe last19 elementsarepurenoise.TheoptimalBayesclassi�cation
accuracy is 86%[4]. FJ reachedtheoptimumwith oneGaussiancomponentandthe
othermethodscamevery close(Fig. 6). In Fig. 6(a) it seemsthatthereis enoughdata
for slight over�tting. The GreedyEM (GEM) shows that it addscomponentsquite
greedily. Otherwiseall methodsperformedequally.

Basedon the experimentsit canbe saidthat the standardEM algorithmoutperforms
FJandGEM if a goodprior knowledgeexistsaboutthenumberof components.Both
FJ andGEM automaticallyestimatethe numberof componentsandit seemsthat the
FJproducesmoreaccurateresults,but alsorequiresmoretrainingsamplesthanGEM.
As an implementationtheGEM is themoststablewhile thestandardEM is themost
unstable.The unsupervisednatureof FJ andGEM still motivatestheir usein many
practicalapplications.
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Figure4: Resultsfor the23-d forestdataasfunctionsof amountof trainingdata: (a)
classi�cationaccuracy (70%of datausedfor trainingandmin.,max.,andmeancurves
plotted);(b) algorithmcrashrate;(c) meanaccuracy; (d) maximumaccuracy.

3 Featurediscrimination and classi�cation

Bayesiandecisionmaking is the moststandardway to classifyobservationsif class
conditionalpdf'sareknown,but theclassi�cationcanbeappliedonly to oneof thefour
itemsmentionedin the introduction,i.e., i) classi�cationof an unknown observation
into oneof prede�nedclasses.It shouldbenotedthattheplainuseof theBayesformula
doesnot guaranteeBayesianoptimaldecisionmakingandtherearenumerouspattern
recognitionproblemswhichcannotbeformulatedasaBayesiantask[22].

In thisstudyGaussianmixturemodelsareconsideredfor representingclassconditional
pdf's and the Bayesianrule can be usedfor selectingwhich classto assignfor an
unclassi�edobservation.Theweaknessof theapproachis thataposterioriprobabilities
canbeusedonly to make a decisionbetweenknown classesfor a singleobservation.
It is importantto notethatposteriorscannotbeusedto comparedifferentobservations,
for example,to decidewhich oneof themis morereliably from a certainclass. The
comparisonbetweeninstancesmustbebasedonsomeotherstatisticalreasoning.

TheBayesiandecisionmakingwasusefulonly in the�rst problemde�ned in theintro-
duction,but theothertwo problems:ii) �nding bestcandidatesfrom a setof observa-
tionsandiii) decidingaboutbelongingto a singleknown classwhenotherclassesare
unknown or their samplesareinsuf�cient mustbe formulatedin anotherway. In this
studyuseof con�denceinformationis proposedandcon�denceadditionallycoversthe
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Figure5: Resultsfor the10-d forestdataasfunctionsof amountof trainingdata: (a)
classi�cationaccuracy (70%of datausedfor trainingandmin.,max.,andmeancurves
plotted);(b) algorithmcrashrate;(c) meanaccuracy; (d) maximumaccuracy.

lastproblem,iv) concludingwhatusefulstatisticalinformationshouldbeprovidedto
thenext processinglevel.

3.1 Classi�cation using the Bayesiandecisionrule

Bayesianclassi�cation anddecisionmakingarebasedon probability theoryandthe
principleof choosingthemostprobableor the lowestrisk (expectedcost)option [22,
26]. Assumethatthereis aclassi�cationtaskto classifyfeaturevectors(observations)
to K differentclasses.A featurevectoris denotedasx = [x1; x2; : : : ; xD ]T whereD
is thedimensionof avector. Probabilitythata featurevectorx belongsto aclass! k is
P(! k jx ), andit is oftenreferredto asaposterioriprobability. Theclassi�cationof the
vectoris doneaccordingto posteriorprobabilitiesor decisionriskscalculatedfrom the
probabilities[22].

Theposteriorprobabilitiescanbecomputedwith theBayesformula

P(! k jx ) =
p(x j! k )P(! k )

p(x )
(27)

wherep(x j! k ) is theprobabilitydensityfunctionof class! k in thefeaturespaceand
P(! k ) is theapriori probabilitywhich tells theprobabilityof theclassbeforemeasur-
ing any features.If apriori probabilitiesarenotactuallyknown, they mustbeexplicitly
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Figure6: Resultsfor the waveform dataasfunctionsof amountof training data: (a)
classi�cationaccuracy (70%of datausedfor trainingandmin.,max.,andmeancurves
plotted);(b) algorithmcrashrate;(c) meanaccuracy; (d) maximumaccuracy.

de�ned or estimatedfrom thetrainingset.A fatalerrorexistsif a prioriesdo not exist
[22]. Thedivisor

p(x ) =
KX

i =1

p(x j! i )P(! i ) (28)

is merelya scalingfactorto assurethatposteriorprobabilitiesarereally probabilities,
i.e., their sumis one.

It canbeshown thatchoosingtheclassof thehighestposteriorprobabilityproducesthe
minimumerrorprobability [6, 22,26]. However, if thecostof makingdifferentkinds
of errorsis not uniform, thedecisioncanbemadewith a risk function thatcomputes
theexpectedcostusingtheposteriorprobabilities,andchoosetheclasswith minimum
risk [22].

A centralcomponentin theBayesianclassi�cationis theclass-conditionalprobability
densityfunctionp(x j! k ). The function tells thedistribution of featurevectorsin the
featurespaceinsideaparticularclass,i.e., it describestheclassmodel.In practiceit is
alwaysunknown exceptin somearti�cial classi�cationtasks.Thedistribution canbe
estimatedfrom a trainingsetwith thedescribedmethodsassumingGaussianmixture
models.
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3.2 Classi�cation using con�dence

Thetermcon�dencemayhavevariousdifferentmeaningsandformulations,but in our
casecon�denceis usedto measurereliability of a classi�cation resultwherea class
labelis assignedto anobservation.If con�denceis low it ismoreprobablethatawrong
decisionhave beenmade. Intuitively valueof classconditionalpdf at anobservation
correspondsto con�dencefor a speci�c class: the higher the pdf value is, the more
instancesof acorrespondingclassappearsimilar astheobservation.

A posterioriis a between-classmeasurefor a singleobservation,but pdf valuescanbe
usedasaninter-classmeasureto selectthebestrepresentative of a class.For example
in objectdetectionit is computationallyef�cient to processbestevidencecandidates
representingpartsof anobject�rst [12]. Unlikely evidencecandidatescanbepruned
asoutliers.In suchtaskstheuseof con�denceis bene�cial.

3.2.1 Inter pretation of con�dence

A posteriorivaluescanbeusedto selectthemostprobableclassfor a singleobserva-
tion, but con�dencevaluescanbeusedto selectthemostreliableclassrepresentative
amongmany observations. In certaintasks,con�dencecanbeusedto discardobser-
vationswhich cannotbesuf�ciently reliably assignedto any of known classes,that is,
their pdf valuesaretoo low for a reliabledecisionmaking.Thesameapproachcanbe
usedin two classproblemswheretraining examplesareavailableonly for oneclass,
andnow, observationswhich do not passa prede�nedcon�dencelevel areassignedto
the unknown class(e.g. in detectionof motor failure conditions[19]). In that sense
thecon�dencedoesnot refer to a singlevaluelimit but to a certainallowedregion in
featurespace.

De�nition 1 Con�dencevalue· 2 [0; 1] andcon�denceregion R µ ­ for a proba-
bility distribution function0 · p(x ) < 1 , 8x 2 ­ . · is a con�dencevaluerelatedto
a non-uniquecon�denceregionR such that

Z

­ nR
p(x )dx = · (29)

The de�nition of con�dencein De�nition 1 is easilyinterpretablevia the con�dence
region R. It is a region which coversa proportion1 ¡ · of the probability massof
p(x ) becausefor probabilitydistributions

R
­ p(x )dx = 1. It is clearthat· = 1 for R

containsonly a �nite numberof individual pointsand· = 0 for R = ­ . It shouldbe
notedthat thecon�dencevaluehasno useuntil the region R is de�ned asa minimal
volumeregion which satis�esDe�nition 1. The minimal volumeregion is calledthe
highestdensityregion (HDR) [13].

For eachk = 1; : : : ; K differentclassesa classspeci�c con�dencevalue· k canbe
de�ned, but intuitively the samevalue is good for all classes. A con�dence value
correspondsto a proportionof probabilitymassthat retainsin anareaR k . In a clas-
si�cation taskwherecertaincon�dencefor decisionmakingis requiredthecon�dence
valueitself is notused,but actuallythecon�denceregionR k is importantsinceasam-
ple vectorx is allowedto entertheclass! k only if x 2 R k . If a sampleis not within
thecon�denceregionof any of theclassesit mustbeclassi�edto agarbageclass.The
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garbageclassis a specialclassandsamplesassignedto theclassneeda specialatten-
tion; for example,moreinformationis neededfor observationsin thegarbageclassor
in a two-classproblemwheredatais availableonly from oneclassthe garbageclass
mayrepresenttheotherclasswith anunknown distribution.

Therearevarioususesfor the con�dencevaluein classi�cation. For example,in the
searchfor thebestevidencesetsfrom alargesetof samplestheuseof con�dencevalue
maydecreasethework donein furtherprocessingsteps.Thecon�dencemayalsobe
directly usedto guaranteethe con�denceof the classi�cation. In conditionmonitor-
ing mechanicalfailurestypically evolveduringtheprocessandtoo earlywarningmay
leadto too pessimisticrepairingprocedures.Furthermore,asrelatedto thecondition
monitoring,it is ofteneasyto collectsamplesfrom normalsystemconditions,but all
failurescannever be comprehensively recorded,andthus,two classclassi�cation to
normalor failureconditioncanbeperformedutilizing thecon�dencevalue: samples
within the con�denceregion areassignedto the normalclassandoutsidethat to the
failure conditionwhoseprobability distribution is unknown. Correctuseandadvan-
tagesof usingcon�dencein classi�cationwill bedemonstratedandfurtherdiscussed
in theexperimentalpartof this study.

3.2.2 Analytical solution for con®dence

As shown in Eq. 3 pdf estimatedby a �nite Gaussianmixture model p(x ) can be
representedas

p(x ) =
CX

c=1

®cpc(x ) (30)

where(givenin Rn )

pc(x ) = N (x ; ¹ c; § c) =
1

(2¼)D =2 j§ cj1=2
exp

·
¡

1
2

(x ¡ ¹ c)T § ¡ 1
c (x ¡ ¹ c)

¸
:

(31)

Theproblemis to

R Ã argmin Vol(R); suchthat
Z

R
p(x )dx = 1 ¡ · ; (32)

thatis, it is desiredto �nd theminimalvolumeregionR thatsatis�esthegivenequality,
i.e.,coversthedesiredprobabilitymass.

As alreadymentionedthe multivariateGaussian(normal)distribution belongsto the
elliptically contouredfamily of distributions[27]. For asinglenormalpdf it is straight-
forwardto show thatR whichsatis�esEq.(32) is ahyperellipsoid[27]

R = f x 2 ­ j (x ¡ ¹ )T § ¡ 1(x ¡ ¹ ) · r 2g : (33)

Distributionof thesquaredMahalanobisdistance(x ¡ ¹ )T § ¡ 1(x ¡ ¹ ) in Eq.(33) is
the Â2 distribution wherethe numberof degreesof freedomparameteris the dimen-
sionalityof x . Thereforer 2 canbefoundby computinginverseof thecumulative Â2

pdf.
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Correspondinglya propositioncanbe madethat the solutionfor a Gaussianmixture
modelpdf is

R =
C[

c=1

R c; whereR c = f x 2 ­ j (x ¡ ¹ c)T § ¡ 1
c (x ¡ ¹ c) · r 2

c g ; (34)

thatis, theminimumvolumeregion thatcoversthedesiredprobabilitymassin aGaus-
sianmixturemodelpdf consistsof hyperellipsoidregionsconcentratednearthemean
of eachmixturemodelcomponent.Thepropositioncanbeonly approximatelycorrect
sinceit claimsthat ellipsoidalareasspanthe sameaxis relationsasthe Gaussianco-
variancematrices,but it is nottruesincetheprobabilitymassesof separatecomponents
affect to eachother. If thepropositionwould however beacceptedtheminimal con�-
denceregion R couldbenumericallysearchedby a gradientdescentmethod.Thefor-
mulationwould besimplefor a singlemulti-dimensionalGaussian,but becomesmore
dif�cult whenthereareseveralnon-overlappingGaussiansandverycomplex whenthe
overlappingis allowed: integrationmustbe doneover all componentsin every ellip-
soid.Therequiredtheoryfor computationsexist [23, 24,25], but theoptimizationmay
still becomecomputationallyinfeasible,and thus, feasibleand suf�ciently accurate
approximatingmethodsareneeded.Onesuchmethodwill bedescribednext.

3.2.3 Rank-order statisticsbasedcon®denceestimation

To �nd the con�denceregion a reverseapproachcan be usedto �nd a pdf value ¿
which is at theborderof thecon�denceregion. It is assumedthatthepdf is continuous
andthegradientof thepdf is never zeroin a wholeneighborhoodof any point where
the pdf value is nonzero. ¿ must be equaleverywherein the border, otherwisethe
region cannotbe the minimal volumeregion [13]. ¿ canbe computedby rank-order
statisticsusingthedensityquantile([13]) F (¿) andby generatingdataaccordingto the
pdf function.Densityquantileis theoppositeof con�dence· = 1 ¡ F (¿).

N (¹ ; § ) distributeddatacanbe generatedby generatingD-dimensionalvectorsy i ,
eachelementi.i.d. N (0; 1), andcomputingx i = y i Chol § + ¹ [27]. Complex val-
ueddatacanbegeneratedby generatingD-dimensionalvectorsz i with eachelement
i.i.d. U(0; ¼) andcomputingx i = (y i cosz i + y i i sinz i ) Chol § + ¹ . Gaussian
mixturedatacanbegeneratedby �rst randomlyselectingoneof thecomponentsusing
componentweightsasprobabilitiesandthengeneratingapointwith theparametersof
theselectedcomponent.

De®nition 2 ThedensityquantileF (¿) correspondingto a pdf value¿ is

F (¿) =
Z

p(x ) ¸ ¿
p(x )dx : (35)

The densityquantilecorrespondsto HDR probability mass,an integral over a region
wherepdf valuesremainabove thegivenminimal level ¿. ClearlyF (¿) 2 [0; 1] since
it is similar to a cumulative pdf. Thepdf value¿ hasno interpretationwhich couldbe
used,but it is easyto de�ne a densityquantile,e.g.,quantileof 0:9 would acceptthe
mosttypical 90%of instancesgeneratedby thepdf. Thequantileis a non-increasing
function,andthus,a reversemappingh(F ) = ¿ canbede�ned, whereF 2 [0; 1] is
thedesiredquantile.
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The densityquantilehasa well-known connectionto con�denceboundsof a normal
distribution andits pdf. Whenextendedto mixturesof normaldistributionsthecon�-
denceboundsmaybecomearbitrarily complex asthenumberof mixturecomponents
increases.An exampleof one-dimensionalcaseis illustratedin Figure7. Regionsturn
to beevenmoredif�cult asmoving to multidimensionalcomplex spacesCD .
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Figure 7: A highestdensityregion (HDR) of a two-componentGMM pdf and the
correspondingthresholdin onedimension.Thecon�denceregionis nolongerasimple
connectedset.

Analytical solutionfor F (¿) or h(F ) canbevery dif�cult, but a MonteCarlomethod
canbeusedto approximatethe functions. Computationutilizes randomsamplingby
generatingN randompointsx 1; x 2; : : : ; x N from distribution describedby p(x ). For
every point pdf valueis computedpi = p(x i ) andall pi 's areorderedinto a sequence
Y = (y1; : : : ; yN ) = sort f pi g in an ascendingorder. Y representsnow a non-
decreasing�nite serieswhich canbeusedto estimateF (¿) andh(F ). We have now
reducedtheoriginalspaceCD into (adiscreteapproximationof) R+ . A similarmethod
wasproposedby Hyndman[13].

Now, valueof F (¿) canbeapproximatedby

i = argmax
i

f yi j yi · ¿g (36)

and,with linearinterpolation,

F (¿) ¼

8
><

>:

1 if ¿ < y1

0 if ¿ ¸ yN

1 ¡ i ¡ 1+ l ( i;¿ )
N ¡ 1 otherwise

(37)

wherethelinearinterpolationterm

l(i; ¿) =

(
0:5 if yi +1 ¡ yi = 0

¿¡ y i
y i +1 ¡ y i

otherwise
: (38)
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Thereversemappingh(F ) canbeapproximatedby

¿ = h(F ) ¼

(
yN if i = N
yi + ((N ¡ 1)(1 ¡ F ) + 1 ¡ i )(yi +1 ¡ yi ) otherwise

(39)

wherei = b(N ¡ 1)(1 ¡ F ) + 1c.

Now, the estimatedpdf value¿ canbe usedasa limit pdf valuewhereobservations
falling below aredirectedto the“garbageclass”.Hitherto,only Gaussianmixturemod-
elshave beenapplied,but theproposedestimationapproachappliesto any continuous
pdf's thatful�ll thegradientconditiongivenin this section.

3.3 Experiments

The Bayesiandecisionmaking was alreadydemonstratedin the experimentswhere
differentestimationalgorithmswerecomparedandsurelyin literaturethereis anenor-
mousnumberof experimentalstudiesutilizing Bayesiandecisionmaking. Heretwo
examplesarerepresentedin orderto demonstratetheuseof con�dence.

In the �rst experimentthe useof con�denceinformationwasstudiedin an applica-
tion whereits usability is apparent.In facedetectionmethodswheredetectionof a
wholefaceis basedonsmallerfacialparts,evidence,featuresareextractedfrom every
spatiallocation(e.g.,[11, 12]) andrankedaspossibleevidencefrom differentclasses.
Thedetectionof thewholefaceis basedon inspectionof spatialconnectionsof differ-
ent evidence. In Fig. 8(a) an examplefacial imageis shown andthe 10 groundtruth
evidencearemarked [11]. In the training phaseGaborfeatureswereextractedfrom
trainingsetimagesandclassconditionalpdf's wereestimatedfor eachevidenceclass
by the FJ method. In Fig. 8(b) a pdf surfaceis shown for the evidenceclassnumber
7 correspondingto the left (left on the image)nostril. Figs.8(c) and8(d) displaythe
con�denceregionsof densityquantiles0:5 and0:05correspondingto 0:5 and0:95con-
�dence valuesrespectively. It is clearthatthecorrectevidencelocation,theleft nostril,
wasalreadyincludedin the0:95con�denceregion,andthus,evidencesearchspacefor
thenext processinglevel wasreduceddramatically. Usingthecon�denceinformation
it is possibleto rankevidencefrom eachclassandprovideatmosta requestednumber
of bestcandidatesto a next processinglevel [11], but alsoallowing thepossibilitythat
evidenceis not foundon theimage.

(a) (b) (c) (d)

Figure8: Exampleof usingdensityquantilefor de�ning con�denceregions: (a) face
imageand10 marked evidenceclasses;(b) pdf valuesurfacefor the left (in image)
nostril class;(c) con�dencethreshold0:5 (F (¿) = 0:5); (d) con�dencethreshold0:95
(F (¿) = 0:05).
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Lindh et al. [19] have proposeda statisticalsolutionfor detectingmotorbearingfail-
uresfrom statorcurrentsignalsof electricmotors,but they criticizedtheproblemthat
not only normalconditionbut alsofailureconditionmeasurementsareneededin their
solution. In practice,providing failureconditionmeasurementsis ofteneconomically
impossibleandin generalit is dif�cult to coverall failuresituationswhile normalcon-
dition datais producedcontinuously. This experimentusedthesamefeaturesaspro-
posedin theoriginalstudy[19], but only normalconditionmeasurementswereusedto
form a pdf andcon�dencewasusedto decidebetweennormalandfailureconditions.
In Fig. 9 a ROC curve is shown for theconductedexperiment.Fromthecurve it can
beseenhow by decreasingthecon�dencemorenormalconditionmeasurementswere
correctlyidenti�ed (truepositives),but alsoanincreasingnumberof failureconditions
wereconsideredasnormal(falsepositives). Theoptimal trade-off dependson appli-
cation. On theotherhand,therewasonly a minor differencecomparingto the result
wherealsofailure conditionpdf wasusedin Bayesianclassi�cation (a priorieswere
estimatedfrom thetrainingset,whichdoesnotcorrespondto thesituationin practice).
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Figure9: Receiver operatingcharacteristic(ROC) curve for usingcon�dencevaluein
two classclassi�cationof electricmotors. Positive testresultcorrespondsto normal
operatingconditionof amotor.

4 Conclusions

Our motivationfor this studywasthereasonthatstatisticalmethods,especiallymeth-
odsbasedon classconditionalprobabilitydensityfunctionsof features,aresuitablein
certainclassi�cationtasks.Thestudywasaimedto beusefulin featureclassi�cation
andevidencebasedobjectdetection,which wasnot consideredin this studybut only
brie�y demonstratedin theexperiments.
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Theestimationof unknown pdf's is ageneralproblemandin thisstudyGaussianmix-
ture models(GMM) wereanalyzedasa modelandexpectationmaximization(EM),
Figueiredo-Jain(FJ) andgreedyEM (GEM) algorithmswerestudiedfor estimating
GMM parameters.Thestudycoveredalsoestimationof complex datain multiple di-
mensionsin which caseEM and FJ have beenused. It seemsthat EM is the most
suitableif thenumberof componentsis known or canbereliably estimated.Theopti-
malnumberof componentscanalsobeestimatedusingaseparateevaluationsetandby
pruning.However, in this sensethetwo unsupervisedmethodsFJandgreedyEM also
seemedto berobustandreliablealgorithmsfor GMM parameterestimation.In prac-
ticesingularitieshoweveroccur, andthus,algorithmsmusttoleratethatfor exampleby
enforcingcovariancematricesto non-singular.

Estimatedpdf's canbe usedin classi�cation and the secondpart of this study con-
centratedon threedifferent classi�cation problemsand in addition to what kind of
informationis neededin the next levels of processing.The �rst problemwassolved
in a traditionalway by utilizing Bayesformula, but the next two problemsrequired
non-Bayesianapproach.Theuseof con�dence,asde�ned in this study, wasproposed
anda methodto establishcon�denceinformationwasintroduced.Finally the useof
con�denceinformationwasdemonstratedby experiments.

Thiswork representsamorebroaderview of usingfeaturepdf's in aclassi�cationand
rankingof extractedfeatures,observations. Thework consistedof a studyhow pdf's
canbeestimatedandastudyhow theclassi�cationshouldbeperformed.In future,the
resultswill beappliedto an invariantdetectionof objectevidenceby utilizing simple
Gaborfeaturesandstatisticalrankingasproposed.
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